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Abstract: Heat addition process is a governing phenomenon in turbojet and ramjet burners, where heat is
added to the flow during the fuel-air combustion process. In the present work, an analytical study has been
performed to investigate the effect of heat addition on the basic flow properties based on compressible
Rayleigh flow model between the subsonic and sonic flow regime. The unsteady nature of flow properties in
these regimes have been evaluated analytically by adding heat through the walls of a constant area,
frictionless duct in which air flow occurs over different periods of time. Sudden variation of temperature,
pressure, velocity and kinetic energy of the flow were found at flow Mach number M = 0.94. Flow velocity
and kinetic energy increases until the flow approaches M = 0.94, afterwards there is a rapid increase in the
flow velocity and kinetic energy until it reaches sonic conditions. Conversely, pressure decreased till the flow
reaches M = 0.94, there after a sudden drop was observed. Flow enthalpy increased initially, reached
maximum at flow M = 0.845 and then reduced till sonic conditions. Based on the observations, it has been
concluded that the heat energy contributed to increase the kinetic energy thereby reducing the temperature of
the flow.

Keywords: Compressible flow, Heat addition, Temperature inversion, Unsteady calculations, Mach
number

1 Introduction

Rayleigh flow heat addition process is a governing phenomenon in all combustors, where
heat is added to the flow during the fuel-air combustion process. This theory is based on
the steady and inviscid assumptions of diabatic compressible flow of gas through a
straight conduit and has long been applied to the thermal choking problems in numerous
miscellaneous engineering fields. However, this theory has seldom been authenticated
with experimental data. Time-dependent behaviour of the Rayleigh flow has rarely been
investigated so far. However, in compressible flows, the heat addition process is
fundamentally unsteady in nature with pressure time variations which can be connected to
wave motions. This paper emphasizes on the effect of heat transfer on basic flow
properties in a constant area flow channel, for a compressible, inviscid flow. The
pertinence of this kind of study is to investigate the nature of flow in compressible
subsonic and transonic combustors and other applications where heat is transferred in
between these regimes. Studies have been conducted so far to examine this phenomenon
in the vicinity of sonic conditions, when the flow gets thermally choked [1- 3]. Guo [4]
uncovered the unconventional concept of thermal clogging during heat addition process
for sub-sonic flow in duct. The main focus was to boost the researchers to develop
supersonic combustors with higher flow M. It was revealed rapidly that, for a flow with y
= 1.4, in the range of 0.845 < M =< 1.0, there occur an inversion of thermal effect of heat
addition [5].

Zczeniowski [6] analytically investigated the flow of gas through a constant area duct
with heat exchange through the tube walls and concluded that, the heat exchange was not
possible when the flow attains Mach number of 1. Separate studies conducted by Kahane
and Lees [7] concluded that when the heat was suddenly added to flow in tubes of varying
cross-sectional areas, there was substantial adjustments of upstream conditions of the
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flow. Shapiro discussed in detail about the interdependence of basic flow parameters in
similar flows under various flow conditions [1]. The process of heat addition to
compressible flow has been described for steady conditions by relating dependent and
independent variables with the influence parameters. It has been noted that, existence of
steady-state flow is not possible during choking, and after a certain period of transient
readjustment, a new updated steady-state condition is attained for which choking does not
occur. Studies on non-equilibrium thermodynamics of an electron gas in Rayleigh flow
using unsteady Boltzmann equation revealed that the effect of the changes of the internal
energies due to variation of polarization, induced magnetic in-duction and magnetization
due to electric and magnetic fields were very small when it is compared with the internal
energy change due to variation in entropy [8]. Similar studies have been conducted in
molecular level by adding heat in to compressible flows to investigate the electron gas
particle interaction in such flows [9] and claim of such development for nozzle flows
under steady heat transfer process [10]. Das and Kim [12] analytically investigated the
unsteady Rayleigh flow in the vicinity of choking conditions based on fundamental
governing equations. They found that there was a variation of flow Mach number on
continuous unsteady heating through the choking point. From the obtained results, they
concluded that the effect of mass flow rate cannot be ignored at the choking point for both
subsonic and super-sonic Rayleigh flows.

Till now, there has been no conclusive explanation available for the temperature inversion
effect between M=0.845 (M=1/\'y) and M=1 when heat is added to subsonic compressible
flow of air. Existing literature have not explained clearly about the physical phenomena
occurring during such transition. Recent works have mainly focused on transition of flows
in and around the choking point when heat is transferred to it [ 12]. For development of
subsonic and supersonic flow combustor, investigation into such flows in the vicinity of
M = 1 is required. Propulsive efficiency of the combustor can be affected due to
combustion instability in case of any unknown phenomenon occurring at such speeds.

The addition on heat to compressible flows is theoretically explained by the Rayleigh
flow phenomena as shown by the Rayleigh curve in Figure 1.1. Represented on an
enthalpy (temperature)-entropy plot the Rayleigh curve shows an increase of flow
temperature till M = 0.845 for air. Therefore, present study has tried to investigate the
unsteady nature of flow properties occurring in the region of 0.7 < M < 1.0 by adding
heat through the walls of the constant area, frictionless duct.

Nomenclature

Cp Specific heat at constant pressure
Enthalpy

Kinetic energy
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Figure 1.1 Rayleigh curve

2 Governing Equations and Solution Methodology

Let us assume that a one-dimensional flow occurs through a control surface as shown in
Figure 2.1. Air flows through the control surface with an initial temperature of 273.224 K,
atmospheric pressure of 101325 Pa and Mach number of M = 0.7. The initial total
temperature was found to be at 300 K and initial density was 0.9697 kg/m3. The
temperature outside the duct was assumed to be at 1500 K while the temperature inside
the duct was at 300 K. Let us consider that the air flows through the stainless-steel duct
with diameter of 1 m and wall thickness of 10 mm and heat dQ was transferred through
the walls of the duct. Eq. (1) gives the amount of heat transferred through the duct wall
which is modelled as a function of time and wall thickness. The temperature change of the
inner wall of the duct depends on the heat transfer and it is governed by Eq. (2). Based on
the one-dimensional heat equation, the heat conduction through the wall is modelled as
shown in Eq. (3). Eqg. (3) is solved using numerical integration by taking the initial
conditions into consideration.
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Figure 2.1 Schematic of control surface. [12]
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Figure 2.2 Flow chart for methodology adopted for solution
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Heat transfer dQ is evaluated for time step with increment of At = 10%s [12]. This
particular time step was chosen because, upon investigation, it is found that when the time
step gets smaller, smooth variation in the flow properties are observed instead of irregular
variation detected in the respective curves for the time step of At = 107s. This is
elaborated in the later part of this paper based on discussion regarding Figure 4. The
initial total temperature is a function of flow static temperature and Mach number which
was calculated by using compressible flow relations as shown in Eq. (4). By using Eq. (5)
the change in total temperature for each time step was evaluated. Based on change in total
flow temperature, the flow Mach number M, was determined by using implicit equation,
Eqg. (6). In these equations, subscripts “1” and ‘“2” represents initial conditions and
conditions after heat addition in the corresponding time step increments respectively.

The static temperature and enthalpy [1,11] were calculated using the Eg. (7) and Eqg. (8).
The values obtained at each time step were fed as the initial value for the next time step.
The same procedure was followed until the flow gets choked i.e., Mach number M, = 1.0.
Pressure, density, velocity, mass flow rate and kinetic energy were calculated for the
incremental time step using one dimensional fluid flow relations [1,11], Eq. (9) to Eq.
(13). The property variations were evaluated until the flow attains Mach number of M =
1.0. The flow chart for the methodology adopted for theoretical analysis of Rayleigh flow
in this work is shown in Figure 2.2.

3 Results and discussion

The present study aims at investigating the time dependent flow property variations in the
range of 0.7 < M < 1.0 and to access the reasons pertaining to the temperature inversion
effect. A constant area, frictionless duct has been used to examine the unsteady nature of
flow properties by adding heat through the walls of the duct. Changes in flow properties
over different period of time and flow Mach number has been probed during the
investigation and the variation of flow properties are correlated to explain the temperature
inversion effect.

3.1 Effect of time step size on enthalpy variation ratio with flow Mach

number

Figure 3.1 and Figure 3.2 shows the enthalpy variation ratio with flow Mach number for
different time step sizes such as At = 10" s and At = 10 s respectively. For both time
step size, it is observed that the enthalpy increases from Mach number 0.7 to 0.845 and
decreases beyond it, even though the heat is transferred through the walls of the duct to
the flow. Also, as observed in Figure 3.1 and Figure 3.2, for the time step size At= 107" s,
the enthalpy variation shows a point of inflection just beyond M=0.84. Conversely,
smooth variation of enthalpy is observed for the time step At = 10% s. Hence, time step
increment of At = 10" s is used for further theoretical analysis.
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Figure 3.1. Variation of enthalpy with flow Mach number for time step size At= 107" s
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Figure 3.2. Variation of enthalpy with flow M for time step size At=10%s

3.2 Effect of flow properties with flow Mach number

Figure 3.3 shows the variation of the evaluated flow Mach number with time step of equal
intervals of At = 2.5 x 10 s, It has been found that the flow Mach number increases
slowly from M = 0.7 which is assumed as our initial condition for this investigation, until
it reaches M = 0.94. Then, there is a rapid increase in the flow Mach number from M =
0.94 to the sonic conditions for the same time interval At = 2.5 x 10% s. Calculations from
change in flow Mach number shows that AM> = 0.06 between M = 0.94 and sonic state,
which is 3 times greater when compared to the previous time steps change in flow Mach
number, that is AM, = 0.02.

The change in flow Mach number has been considered as the major parameter among all
other flow parameters, to determine the other flow properties such as temperature,
pressure, velocity and kinetic energy. In order to investigate the variation in flow
properties between compressible subsonic and sonic flow regime, all these flow
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parameters have been non-dimensionalized with its initial values respectively. Hence, in
this section, flow parameters variation with flow Mach number M between M = 0.7 to M
= 1 has been presented and discussed. Variation of temperature with flow M shows
similar variation as enthalpy as is observed in Figure 3.2 and Figure 3.4.
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Figure 3.3 Variation of flow Mach number with time step
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Figure 3.4 Variation of temperature with flow Mach number

Initially, the temperature increases, but after the flow reaches M = 0.845, the temperature
decreases. Once, it reaches Mach 0.94, there is a sudden decrease in temperature change.
The change expressed as A(T2/To1) is observed to be 0.0046 between M = 0.92 to M =
0.94 and jumps to a value of 0.015 between M = 0.94 to M = 1.0. Further it is observed
that between M = 0.85 to M = 0.94, A(T2/To1) has an average value of 0.0016, which is
almost 9.5 times lesser in the magnitude for the same time step increment captured
between M = 0.94 to M = 1.0. This leads to a sudden decrease in temperature being
observed, when the flow approaches sonic conditions when compared to previous
temperature decrement for the same time interval. The maximum temperature ratio T2/To1
reaches at flow Mach number 0.845 as 0.9434.
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Pressure variation P»/P; with flow Mach number M has been presented in Figure 3.5.
From the plot, it has been observed that there is a continuous decrement in pressure ratio
from M=0.7 to M=1. Pressure ratio change has been identified for three different AM;
such as from M=0.7 to M=0.845, from M=0.845 to M=0.94 and from M=0.94 to M=1. It
has been observed that the change in pressure ratio A(P2/P1) is decreases between M = 0.7
to M = 0.845. Afterwards, an increase in the pressure decrement is observed between M =
0.845 to M = 0.94 and then there is a sudden sharp increase in pressure decrement
between M=0.94 to M = 1. The average change in pressure ratio A(P./P1) values has been
calculated as 0.0055 and 0.0133 for first two AM; respectively. From the calculations, it
has been observed that the average change in pressure decrement ratio is almost 2.4 times
greater for 0.845 < M < 0.94 when compared to 0.7 < M < 0.845. Between M = 0.94 and
M = 1, A(P2/P1) = 0.0493, which is almost 2.3 times greater in magnitude for the same
time step interval (i.e., between M = 0.92 and M = 0.94) and 3.7 times greater in
magnitude when compared to the average value of A(P./P;) between M = 0.845 and M =
0.94. From the obtained results, it can be clearly seen that from the pressure ratio - flow
Mach number plot, pressure decreases rapidly, once the flow approaches the sonic
conditions which means that, there is low pressure in the flow field near the vicinity of
sonic state. The minimum value of pressure ratio P,/P1 has been found as 0.7026 at flow
Mach number 1.
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Figure 3.5. Variation of pressure with flow Mach number

The variation of velocity ratio V2/V1 with flow Mach number M is presented in Figure
3.6. As compared to pressure change, the velocity ratio varied conversely. From Figure
3.6, it is observed that the velocity ratio increases steeply between M = 0.7 to M = 1.
Change in velocity ratio A(V2/V1) for three different AM> is calculated similar to AP2/P1
variation. The average value velocity ratio change A(V2/V1) for first two AM; is 0.0081
and 0.0194 respectively. It is also observed that the average change in velocity increment
ratio for 0.845 < M < 0.94 is 2.4 times greater in magnitude when compared to the
average change in velocity increment ratio for 0.7 < M < 0.845. Also, it is found that the
change in velocity ratio value between M = 0.94 to M = 1 as A(V2/V1) = 0.0719, which is
almost 2.3 times greater in magnitude for the same time step interval used in previous
AM; and 3.7 times greater in magnitude when compared to the average value of A(V2/V1)
for M = 0.845 to M = 0.94 respectively. The obtained results show that velocity ratio
suddenly increases once the flow approaches M = 0.94, which means near the immediate
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vicinity of the sonic state there is a very high velocity increment as compared to lower M.
The maximum velocity ratio V»/V1 value has been found as 1.4337 at sonic state.
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Figure 3.6. Variation of velocity with flow Mach number

Figure 3.7 shows the variation of Kinetic energy ratio K.E, / K.E; with flow Mach number
M. Since kinetic energy is directly proportional to the mass flow rate and square of the
flow velocity, the kinetic energy ratio trendline is similar to the velocity ratio curve. From
the K.E2 / K.E1 vs M curve, it has been observed that the kinetic energy sharply increases
between flow M = 0.7 to M = 1. Similar observations have been made for kinetic energy
ratio curve in tune with the other flow properties curves and the results revealed the
average change in kinetic energy ratio A (K.E2 / K.E1) for three different AM; regime. For
the first regime, when 0.7 < M < 0.845, the kinetic energy ratio increases with a low
gradient and then for second regime between 0.845 < M < 0.94, the gradient increased.
Finally, for 0.94 < M < 1, the Kinetic energy ratio increases with a high gradient. The
average change in kinetic energy ratio A (K.E, / K.Ey) values for the first two regimes are
0.0180 and 0.0503 respectively. From these values, it has been observed that the average
change in kinetic energy ratio A (K.Ez> / K.E;1) value for the second regime is 2.8 times
greater than the first regime.
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Figure 3.7. Variation of kinetic energy with flow Mach number
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Also, a sharp increase in kinetic energy ratio A (K.E2 / K.Ey) is observed in the third
regime, which is 2.4 times greater than the previous AM; (i.e., M = 0.92 to M = 0.94) for
the same time interval. It is 4.0 times greater than the average change in kinetic energy
ratio A (K.E2 / K.Ez) value of the second regime. Quantitatively, the change in kinetic
energy ratio value is 0.2011 for the third regime and reaches to the maximum value of
kinetic energy ratio K.E2 / K.E; as 2.0563 at sonic Mach number.

Figure 3.8 shows the variation of static temperature to dynamic temperature ratio To/Tyq
with flow Mach number M. From the plot, it has been observed that there is a continuous
decrement in static temperature to dynamic temperature ratio from M = 0.7 to M = 1.
Static temperature to dynamic temperature ratio change has been identified for three
different AM; such as from M = 0.7 to M = 0.845, from M = 0.845 to M = 0.94 and from
M =0.94 to M = 1. It has been observed that the change in pressure ratio A(T2/Tqg) is
decreases between M = 0.7 to M = 0.845. Afterwards, an increase in the static temperature
to dynamic temperature decrement ratio is observed between M = 0.845 to M = 0.94 and
then there is a sudden sharp increase in static temperature to dynamic temperature
decrement ratio between M = 0.94 to M = 1. The average change in static temperature to
dynamic temperature ratio A(T2/Tq4) values has been calculated as 0.1131 and 0.1999 for
first two AM; respectively. From the calculations, it has been observed that the average
change in static temperature to dynamic temperature decrement ratio is almost 1.8 times
greater for 0.845 < M < 0.94 when compared to 0.7 < M < 0.845. Between M = 0.94 and
M =1, A(T2/Tg) = 0.6319, which is almost 2.1 times greater in magnitude for the same
time step interval (i.e., between M = 0.92 and M = 0.94) and 3.2 times greater in
magnitude when compared to the average value of A(T2/Tq4) between M = 0.845 and M =
0.94.
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Figure 3.8. Variation of static temperature to dynamic temperature ratio with flow Mach
number

From the obtained results, it can be clearly seen that from the static temperature to
dynamic temperature ratio - flow Mach number plot, dynamic temperature increases
rapidly, once the flow approaches the sonic conditions which means that, there is high
dynamic temperature in the flow field near the vicinity of sonic state. The minimum value
of static temperature to dynamic temperature ratio T»/Tq4 has been found as 4.9941 with
maximum dynamic temperature of 55.11 K at flow Mach number 1.
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4 Conclusions

Unsteady heat addition near the vicinity of sonic conditions has been investigated
analytically for compressible subsonic flow between M = 0.7 and M = 1. The results have
been illustrated as the variation of flow properties corresponding to change in flow Mach
number during heat addition. From the obtained results, it is obvious that the flow
properties change severely near the immediate vicinity of the sonic point.

1. The enthalpy and temperature gradually increase and reaches a maximum
value at flow M = 0.845 and then smoothly decreases with a minimum
incremental change in the magnitude of these flow property till M = 0.94.
Finally, both enthalpy and temperature suddenly decrease near the sonic
regime.

2. Flow velocity and kinetic energy increases slowly between M = 0.7 to M =
0.94 where after there is a sudden acceleration close to the choking point.
This investigation provided an insight into sudden variation of flow
properties between M = 0.94 to sonic point.

3. The obtained results clearly point to sudden acceleration of the subsonic
flow as it approaches M = 1. Increase in unsteadiness in the flow field as
flow approaches M = 1 is also indicated from the results.

4. Based on the above results, it is concluded that the input heat energy was
utilized to increase the kinetic energy of the flow thereby reducing the
temperature of the flow once the flow approaches the sonic state.
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