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Abstract

We consider a fractional order differential equation with uncertainty and 
introduce the concept of solution. It goes beyond ordinary first-order 
differential equations and differential equations with uncertainty. 
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1 Introduction 

Fractional calculus is a generalization of ordinary differentiation and integration 
to an arbitrary non-integer order. The subject is as old as the differential 
calculus and dates back to the time when Leibnitz and Newton invented the 
differential calculus. The idea of fractional calculus has been a topic of interest 
not only among mathematicians, but also among physicists and engineers. 
Fractional calculus appears in electrochemistry, viscoelasticity, 
electromagnetism, rheology, etc. For more details, see the monographs by 
Kiryakova [1], Lakshmikantham and Vatsala [2], Kilbas et al.[3]. Miller and Ross 
[4], and the references therein . Some authors have considered initial value 
problems for fractional differential equations . Some contributions to the theory 
can be seen in [5, 6, 7, 8, 9, 10]. To study some dynamic processes it is necessary 
to take into account imprecision, randomness or uncertainty. The uncertainty 
can be modeled by incorporating it into the dynamic system and considering 
fuzzy differential equations. 

Let α ∈ (0,1], T>0 and E be the set of fuzzy real numbers.[11, 12] 

In this paper we consider a differential equation with uncertainity of the type 

Dαx(t) = f(t, x(t)),t ∈ (0,T] (1) 

Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

Volume 23, Issue 8, August - 2021 Page-181



where f [0,T] × E → E is continuous. We will consider this equation with some 
adequate initial condition for a given x0 ∈E. 

If f[0,T] ×R→R, the (1) reduces to a fractional differential equation. 

If α = 1, then (1) is just a first order fuzzy differential equation. 

Here we combine both types of uncertainty differential equations and fractional 
order to consider a new type of dynamic system: fractional order fuzzy 
differential equations. Then we present the concept of solution for these types of 
equations. 

2 Fractional differential equations 

Fractional differential equations (FDEs) have fractional derivatives of the type 
(dα)/dxα) that are defined for α > 0, where α is not always an integer. 

Let α ∈ (0,1],T > 0, and σ : (0,T] →R. 

Consider the nonlinear 
differential equation 

(2) 

where 

is the usual Reimann-Liouville fractional derivative of order α of the function x : 
(0,T] →Rand f[0,T] ×R→R is continuous. 

The initial condition in this case 

. (3) 

For α ∈R the corresponding linear equation is 

Dαx(t) + a x(t) = σ(t),t ∈ J := (0,T]. (4) 

Consider the linear fractional differential equation (4) with the initial condition 

(3). The solution is given by [1]: 

where Eα,α is the classical Mittag-Leffler function 
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We point out that for α = 1 this representation is still valid since 

Γ(1) = 1 and E1,1(z) = ez. We thus obtain the solution 

of the initial problem for a linear first order ordinary differential equation 

x0(t) + au(t) = σ(t),x(0) = x0 

3 Differential equations with uncertainty 

Let E be the set of fuzzy real numbers [13] and consider the nonlinear 
differential equation with uncertainty 

x0(t) = f(t,x(t)),t ∈ (0,T], 

where f[0,T] × E → E is continuous ,and initial condition 

(6) 

x(0) = x0 ∈ E. 

For a > 0 the solution of the linear problem 

(7) 

x0(t) = a x(t) + σ(t),t ∈ (0,T] (8) 

with the initial condition (7) is given by [14] 

. 

4 Fractional differential equations with 

uncertainty 

We now consider the fractional equation with uncertainty(1),i.e., 

Dαx(t) = f(t, x(t)),t ∈ (0,T], 

Where f : [0,T] × E → E is continuous. 

For a given x0 ∈ E the appropriate initial condition is 

(9) 

Assume that there exists λ > 0 such that the nonlinearity f is of the form 

f(t, x) = λ x + g(t, x) 
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with g : [0,T] × E → E continuous. 

It is important to note that for a crisp differential equation, of integer or 
fractional order, the problem 

Dαx(t) + a x(t) = σ(t), t ∈ (0,T] 

is the same as 

Dαx(t) = − a  x(t) + σ(t) ,t ∈ (0,T]. 

However in the case of space E both problems are not equivalent. 

We write the Eq.(1) as 

Dαx(t) = λx(t) + g(t,x(t)),t ∈ (0,T]. (10) 

Hence we define a solution of this Eq.(10) as a function x : (0,T] → E such that 

Moreover this solution satisfies the initial condition (9),i.e.,limt→0+ x(t) = x0. Note 
that formally this expression is the same as the solution given by (5) with λ = −a. 
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