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Abstract

A shell butterfly graph is defined to be a double shell
with exactly two pendant edges at the apex and the right
shell with m vertices, the left shell with l vertices. In this
paper, we have provided algorithms in order to label the
vertices and edges of the graph and have proved that the
graph admits signed cordial labeling and signed product cor-
dial labeling.
Key Words : Signed cordial labeling, Signed product cor-
dial labeling, Shell butterfly graphs.

1 Introduction

The graphs are very powerful structures to clearly show the relation-
ships among the vertices and the edges. One may consider graph
theory as a powerful tool for solving various problems in Science,
Economics, Medical, and Engineering fields. Now a days graph
theory is a key topic for researchers in solving problems in various
fields. A graph labeling is an assignment of integers to the vertices
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or the edges, or both, subject to certain conditions. If the domain
is the set of vertices it is vertex labeling. If the domain is the set
of edges, then it is edge labeling. If the labels are assigned to the
vertices and also to the edges of a graph, such a labeling is called
total labeling. Most graph labeling methods trace their origin to
one introduced by Rosa in 1967[1]. Labeled graph are becoming an
increasingly useful family of mathematical graphs for a broad range
of application. According to Beineks and Hegde[10] graph labeling
serves as a frontier between number theory and structure of graph.
A detail study of variety of applications of graph labeling is given
by Bloom and Golomb [5]. A dynamic survey of graph labeling is
published and updated every year by Gallian [7]. Cordial labeling
is one of the binary labeling which plays an important role in la-
beling field. An another binary labeling in graph theory towards
the development of the research feild is signed cordial labeling and
signed product cordial labeling. S-Cordiality with the first letter of
Signed Cordiality was introduced by Harray [16]. We can find in
the literature that many graphs are proved signed cordial labeling.
The concept of signed product cordial labeling was introduced by
Babujee et al [18].

A graph G = (V,E) is called signed cordial if it is possible
to label the edges with the number from the set N = {+1,−1}
in such a way that at each vertex v, the algebraic product of the
labels of the edges incident with v is either +1 or −1 and the
inequalities |vf (+1)− vf (−1)| ≤ 1 and |ef∗ (+1)− ef∗(−1)| ≤ 1
are also satisfied, where vf (i) , i ∈ {+1,−1} and ef∗ (j) , j ∈
{+1,−1} are respectively the number of vertices labeled with i and
the number of edges labeled with j. A graph is called signed-cordial
if it admits a signed-cordial labeling.

A vertex labeling of graph G , f : V (G) → {+1,−1} with in-
duced edge labeling f ∗ : E (G) → {+1,−1} defined by f ∗ (uv) =
f (u) f (v) is signed product cordial labeling if |vf (+1)− vf (−1)| ≤
1 and |ef ∗ (+1)− ef

∗(−1)| ≤ 1, where vf (i) and ef
∗(j) are respec-

tively the number of vertices labeled with i and the number of edges
labeled with j. A graph G is signed product cordial if it admits
signed product cordial labeling.

A shell butterfly graph is defined to be a double shell with ex-
actly two pendant edges at the apex and the right shell with m
vertices, the left shell with l vertices.
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2 Literature survey

The idea of cordial graph was studied by Cahit [6]. Shee and Ho
demonstrated that the path union of cycles, Petersen graphs, trees,
wheels, unicyclic graphs are cordial [20]. Signed cordial labeling
of Petersen graph, complete graph, book graph, jahangir graph
and flower graph are studied by Devaraj et al. [8]. Rilwan et al.
have proved that the identity graphs admit signed product cordial
labeling [12]. Ghosh et al. have investigated on signed product
and total signed product cordial labeling of cartesian product be-
tween balanced bipartite graph and path [18]. Poulomi et al. have
proved that jewel graphs, comb, complete bipartite graphs, gear,
web, quadrilateral snake, triangular snake, tadpole, shell are signed
product cordial [13]. Sum and union of two fourth power of paths
and cycles admits signed product cordial labeling proved by Nada
et al.[19]

3 Main Results

Shell graphs have interesting and elegant structure to solve prob-
lems in graph theory. In this paper, we have provided algorithms to
compute vertex labels and edge labels and prove that shell butterfly
graphs are signed cordial and signed product cordial. Let G be a
shell butterfly graph of order m and l (excluding the apex and two
pendent vetrices). The number of vertices of G is m+ l+3 and the
number of edges of G is 2(m+ l). Here we fix m to be greater than
l.

3.1 Signed Product Cordial Labeling of Shell
Butterfly Graphs

We can label the vertices of the graph G by using the following
algorithm.
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Algorithm 3.1 Signed product cordial labeling of shell butterfly
graphs of order m and l

Require:
{v0}← Apex vertex
{v1, v2...vm}←Right wing vertices
{vm+1, vm+2...vm+l}←Left wing vertices
{vm+l+1, vm+l+2}←Pendant vertices
{v0v1, v0v2...v0vm, v1v2, v2v3, ...vm−1vm}←Right wing edges
{v0vm+1, v0vm+2...v0vm+l, vm+1vm+2, vm+2vm+3, ...vm+l−1vm+l}←Left
wing edges
{v0vm+l+1, v0vm+l+2}←Pendant edges
v0 ←+1 ▷ Apex Vertex
vm+l+2←−1 ▷ Pendant Vertex
for i← 1 to l do ▷ Left Wing Vertices

if i≡1,2(mod 4) then
vm+i←−1

else
vm+i←+1

end if
end for
if (m+ l)̸≡2(mod 4) then ▷ Right Wing Vertices

for i← 1 to m do
if i≡1,2(mod 4) then

vi←+1
else

vi←−1
end if

end for
else ▷ Right Wing Vertices

if l ̸≡0(mod 4) then
for i← 1 to m do

if i≡1,2(mod 4) then
vi←+1

else
vi←−1

end if
end for
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else
for i← 1 to m do

if i≡1,2(mod 4) then
vi←−1

else
vi←+1

end if
end for

end if
end if
if (m+ l)≡0(mod 4) then ▷ Pendant Vertex

if l ≡ 0(mod 2) then
vm+l+1←−1

else
vm+l+1←+1

end if
end if
if (m+ l)≡1(mod 4) then

if l ≡1,2(mod 4) then
vm+l+1←+1

else
vm+l+1←−1

end if
end if
if (m+ l)≡2(mod 4) then

vm+l+1←+1
end if
if (m+ l)≡3(mod 4) then

if l ≡2,3(mod 4) then
vm+l+1←+1

else
vm+l+1←−1

end if
end if

Theorem 1. Shell butterfly graph of order m and l admits
signed product cordial labeling.

Proof. Let G be a shell butterfly graph of order m and l, m≥l.
Let us define the vertex function of G as f : V (G) → {+1,−1}.
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Following cases arises when we follow the algorithm 3.2.1:
Case 1: (m+l) odd
We get

(
m+l+3

2

)
vertices, labeled with +1 and

(
m+l+3

2

)
vertices, la-

beled with −1.
Case 2: m even and l even
In this case we get

(
m+l
2

+ 2
)
vertices, labeled with +1 and

(
m+l
2

+ 1
)

vertices, labeled with −1.
Case 3: m odd and l odd
We obtain

(
m+l
2

+ 1
)
vertices with the label as +1 and

(
m+l
2

+ 2
)

vertices with the label as −1.
From the above cases it is clear that the condition |vf (+1)− vf (−1)| ≤
1 is satisfied.
The induced edge function is f ∗: E(G) → {+1,−1}. We can ob-
serve that the induced edge labels have equal number of +1 and
−1, in all the above three cases. Thus the graph G also satisfies
the edge condition |ef∗ (+1)− ef∗ (−1)| ≤ 1. Hence the graph G
admits signed product cordial labeling.
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Figure 1: Signed product cordial labeling of shell butterfly graph

3.2 Signed Cordial Labeling of Shell Butterfly
Graphs

Edge labels of the graph G using the following algorithm:

Algorithm 3.2 Signed cordial labeling of shell butterfly graphs of
order m and l, (m+ l) ̸≡ 3 (mod4)

Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

Volume 23, Issue 10, October - 2021 Page-110



Require:
{v0}← Apex vertex
{v1, v2...vm}←Right wing vertices
{vm+1, vm+2...vm+l}←Left wing vertices
{vm+l+1, vm+l+2}←Pendant vertices
{v0v1, v0v2...v0vm, v1v2, v2v3, ...vm−1vm}←Right wing edges
{v0vm+1, v0vm+2...v0vm+l, vm+1vm+2, vm+2vm+3, ...vm+l−1vm+l}←Left
wing edges
{v0vm+l+1, v0vm+l+2}←Pendant edges
v0vm+l+1←+1
v0vm+l+2←−1 ▷ Pendant Edges
for i ← 1 to m do ▷ Right Wing Edges

if i ≡ 0(mod 2) then
v0vi←+1

else
v0vi←−1

end if
end for
for i ← 1 to m do

if i ≡ 0(mod 2) then
vivi+1←+1

else
vivi+1←−1

end if
end for
for i ← 1 to l do ▷ Left Wing Edges

if i ≡ 0(mod 2) then
v0vm+i←−1

else
v0vm+i←+1

end if
end for
for i ← 1 to l do

if i ≡ 0(mod 2) then
vm+ivm+i+1←−1

else
vm+ivm+i+1←+1

end if
end for
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Theorem 2. Shell butterfly graphs of order m and l, (m + l)
̸≡ 3(mod4) admits signed cordial labeling.

Proof. Let G be a shell butterfly graph of order m and l, m≥l.
Let us define the edge function of G, f ∗: E(G) → {+1,−1} as
in the algorithm 3.2.2. Using those procedures, (m+ l) edges are
labeled with +1 and (m+ l) edges with −1. Thus the graph G
satisfies the edge condition |ef∗ (+1)− ef∗ (−1)| ≤ 1.
The induced vertex function is f : V (G)→ {+1,−1}. The induced
vertex labels are as follows:
Case 1: (m+l) odd(
m+l+3

2

)
vertices are labeled with +1 and

(
m+l+3

2

)
vertices are la-

beled with −1, in this case see Figure 3.2(a).
Case 2: (m+ l) ≡ 2 (mod 4)
In this case,

(
m+l
2

+ 2
)
vertices are labeled with +1 and

(
m+l
2

+ 1
)

vertices are labeled with −1.
Case 3: (m+ l)≡0 (mod 4)(
m+l
2

+ 1
)
vertices are labeled with +1 and

(
m+l
2

+ 2
)
vertices are

labeled with −1. See Figure 3.2(b).
From the above cases we can see that the inequality |vf (+1)− vf (−1)| ≤
1 is satisfied. Hence the graph G admits signed cordial labeling.
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Figure 2: Signed cordial labeling of shell butterfly graphs
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4 Conclusion

In this paper, we have provided algorithms to prove that the shell
butterfly graph admit both signed cordial labeling and signed prod-
uct cordial labeling. Further the signed cordial and signed product
cordial labeling of interconnection networks are under study.
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