Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

New Kinds of Global Domination In Fuzzy Graph Using
Strong Arc - New Approach

G.K.Malathi*, C.Y. Ponnappan 2

! Assistant Professor of Mathematics, Sri Meenakshi Government Arts College For Women (A),
Madurai-625002.

2 Assistant Professor, Department of Mathematics, Government Arts College, Melur 625 106.
Tamilnadu, India. .

! gkmalathisadasivam@gmail.com

2pons mdul1969@yahoo.com

Abstract : In this paper we establish the relation between strong arc domination number and
global domination number ( new approach ) of some standard graphs using strong arcs. Also
various new kinds of global domination number of using strong arc is discussed.

Keywords : Fuzzy graph, Domination number, Strong arc, Non strong arc, Strong arc domination
number, Fuzzy Global Domination number, Fuzzy semi perfect Global Domination number,
Fuzzy Perfect Global Domination number.

AMS classification : 05C72
1.Introduction.

Fuzzy graph is the generalization of the ordinary graph. Therefore it is natural that though fuzzy
graph inherits many properties similar to those of ordinary graph, it deviates at many places. The
earliest idea of dominating sets date back to the origin of game of chess in India over 400 years
ago in which placing the minimum number of chess piece (such as Queen, Knight etc.,) over
chess board so as to dominate all the squares of chess board was investigated. The formal
mathematical definition of domination was given by Ore.O in 1962. In 1975 A.Rosenfeld
introduced the notion of fuzzy graph and several analogs of theoretic concepts such path, cycle
and connected. A.Somasundaram and S.Somasundaram discussed the domination in fuzzy graph
using effective arc. C.Y.Ponnappan and V.Senthil Kumar discussed the domination in fuzzy
graph using strong arc. Before introducing new results in fuzzy graphs using strong arcs, we are

placed few preliminary definitions and results for new one.
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2.Preliminaries

Domination in Fuzzy Graph Using Strong Arc

Definition 2.1

An arc (u,v) of the fuzzy graph G(o,u) is called a strong arc if p(u,v) = u”*(u,v) else arc (u,v) is
called non strong. Strong neighborhood of ueV is Ns (u) = { ve V : arc (u,v) is strong}.

Ns[u]= Ns(u) U {u} is the closed neighborhood of u. The minimum cardinality of strong
neighborhood ds( G) = min{|Ns(u)|: ueV(G)}. Maximum cardinality of strong neighborhood
As(G)= max {|Ns(u)|: ueV(G)}.

Definition 2.2

Let G(o,pn) be a fuzzy graph. Let u,v be two nodes of G(o,u). We say that u dominates v if edge
(u,v) 1s a strong arc. A subset D of V is called a dominating set of G(o,p) if for every v eV- D,
there exists u € D such that u dominates v. A dominating set D is called a minimal dominating set
if no proper subset of D is a dominating set. The minimum fuzzy cardinality taken over all
dominating sets of a graph G is called the strong arc dominating number and is denoted by v(G)
and the corresponding set is called minimum strong arc dominating set. The number of elements
in the minimum strong arc dominating set is denoted by n[ys(G)].

3. Global Domination in Fuzzy Graph Using Strong Arc
Definition 3.1

Let G(o,u) be a fuzzy graph. Let u,v be two nodes of G (o,pt). We say that u dominates v if edge
(u,v) is a strong arc. A subset D of V is called a dominating set of G(o,p) if for every v €V- D ,
there exists u € D such that u dominates v. A dominating set D is called a minimal dominating set
if no proper subset of D is a dominating set. The minimum fuzzy cardinality taken over all
dominating sets of a graph G is called the strong arc dominating number and is denoted by v5(G)
and the corresponding set is called minimum strong arc dominating set. The number of elements
in the minimum strong arc dominating set is denoted by n[ys(G)].

The minimum fuzzy cardinality taken over all dominating sets of a graph G,where G is the
complement of the fuzzy graph G, is called the strong arc dominating number of G and is
denoted by ysG) and the corresponding set is called the minimum strong arc dominating set of
G. The number of elements in the minimum strong arc dominating set is denoted by n[ys(¢)].

Fuzzy Global Dominating set using strong arc is the set which is the corresponding dominating
set of min{ ys(G), ys(G) } and is denoted by v4s(G). The number of elements of fuzzy global
dominating set using strong is denoted by n[yg(G)].

Note: Here we consider the fuzzy graphs with non effective edges.

Definition 3.2
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If n[ys(G)] =n[ys(G)] and Gand G have different dominating sets then the domination is called
Semi Perfect Fuzzy Global Domination using strong arc and the cardinality of the corresponding
dominating set is denoted by yspgs(G) .

Definition 3.3

If the minimum dominating set D of G which is the dominating set of both G and G using strong
arc is called Fuzzy Perfect Global Dominating Set of G using strong arc and the cardinality of
D is denoted by ypgs (G).

4. Fuzzy Global Neighborhood Clique Domination Number Using Strong Arc.

Definition 4.1

Let G be a fuzzy graph without isolated vertices and all arcs as strong arcs. A subset Dp(G) of V is said
to be a fuzzy neighborhood clique dominating set using strong arc if < N( Dp( G) > is complete*
provided N(D,(G)) contains the fuzzy vertices other than D,(G). The fuzzy neighborhood clique
domination number vy, (G) is the minimum fuzzy cardinality taken over all minimal neighborhood clique
dominating sets of G. Similarly D,(G) of V is the fuzzy neighborhood clique dominating set of G using
strong arc and yns(G) is the fuzzy neighborhood clique domination number of G using strong arc. Then
the fuzzy global neighborhood clique dominating number using strong arc ygnes(G) is the minimum of

Ynes (G) and YnCS(G)- (i€) Ygnes(G) = min{ ypes (G) , YnCS(G) }.

The set corresponding to min{ ynes (G) , Vnes(G) } is called as fuzzy global neighborhood clique
dominating set using strong arc and is denoted by Dgncs(G).

* In complete graphs every vertex is adjacent with every other vertex and none of the edge is an
effective edge.

Note : If ynes (G) = Ynes(G) , then  Dgnes(G) = Dines(G) and < N( Des( G) > is complete not necessarily
with all arcs as strong arcs.

Example :4.2
U105 0.3 u2(0.5)
Here u(uy,u,) = 0.3 and
0.4 0.4 H(ug,ug) = 0.3
Ua(o.5) 0.3 Uz(0.5)

(G) -Figure 1(a)

Dncs (G) ={ Uy } Yncs(G) =05.<N (Dncs (G) >= { U21U31u4} is complete.
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0.2
Ul(OS) U2(05)
0.1 0.1
Uu4(0.5) uz(0.5)
0.2

(G) - Figure 1(b)

In G the arcs (uy,us) and (u,,Us) are non strong arcs. p(u;,Uz ) = 0.2 and p(up,ug) = 0.2.
Dres (G) = { Ug,Uz} . <N (Dngs (G) > = { Us,Us} is complete. - ynes(G) = 1. = ygnes(G) = 0.5
Theorem 4.3
If a fuzzy graph G is complete with all arcs as strong arcs and ¢ (v;) = ¢, for all v; in V then y,(G) = c.
Proof :

Let G be a complete fuzzy graph with vertex set { vi,Va,.... Vi1, Vi, Vis, ... Vap. By definition of fuzzy
complete graph , each v; dominates the other vertices. Let D, (G) be the neighborhood clique dominating
set of G using strong arcs. Dy (G) = { vi: o(vi) = c}. « N (Dnes (G)) = { V1, Va,.... Vi, Vist, ... o} and
N(Dnes (G))> is complete. Since o(vi) = ¢ V i, the fuzzy neighborhood cliqgue domination number using
strong arc is ynes (G) = o(v;) = C.

Theorem 4.4

If G is a strong complete fuzzy graph with all arcs as strong arcs and ¢ (v;) = ¢, for all v; in V then
’ancs(G) = C.

Proof:

Let G be a strong complete fuzzy graph with o (v;) = c.~. Every vertex of G is adjacent to every other
vertex vertex of G and every arc is a strong arc. By previous theorem, ynes ( G) = c. Also ynes (G) > c.
’ancs(G) = C.

Theorem 4.5

If G is a strong complete fuzzy graph and D,(G) is the fuzzy neighborhood clique dominating set of G,
then < V- Dp(G) > is also a strong complete fuzzy graph.

Proof:

Let G be a strong complete fuzzy graph with vertex set V = { vi,Va,.... Vi1, Vi, Vis1, ... vn}. By definition
of strong complete fuzzy graph each v; dominates the other vertices in G. The fuzzy neighborhood clique
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dominating set using strong arc Dne(G) = { vi/ v; is the vertex of minimum fuzzy cardinality}.By the
definition of clique neighborhood dominating set < N(Dns(G) > is complete . «. V- Dps(G) = {vy,Va,....
Vi1, Vist, ... Vnp @nd <V- Dn(G) > is complete with all arcs as strong arcs.

Theorem 4.6

If G is a strong complete fuzzy graph and D, (G) is the neighborhood clique dominating set of G using
strong arcs then fuzzy neighborhood clique dominating number of G using strong arc iS Vnes (G) = min
{o(v)/vieV}

Proof:

Let G be a strong complete fuzzy graph with vertex set V = { vi,Va,.... Vi1, Vi, Vis1, ... Vot having distinct
fuzzy vertex cardinality. Let Dn(G) be the fuzzy neighborhood clique dominating set of G using strong
arc . Then Dn(G) = { vi/ v; is the vertex of minimum fuzzy cardinality}. . The fuzzy neighborhood
clique dominating number of G using strong arc is ynes (G) = min { o (vi) / vi € V}

Theorem 4.7

Let G be a strong complete fuzzy graph and Dgns(G) is the global fuzzy neighborhood clique
dominating set of G using strong arc then ygnes (G) = min { o (vi) / v; € V}.

Proof :

By the previous theorem , Ynes (G) =min { 6 (vi) / Vi € V} and also ynes (G) = Ynes (G).
“ Ygnes (G) = Ynes (G) = min { 6 (vi) / vi € V}.

Theorem 4.8

Let G be a strong complete fuzzy graph and D, (G) be the fuzzy neighborhood clique dominating set of
G USing Strong arc . Then Ynes (G) < Ynes (Gl) < Ynes (GZ) < Ynes (GS) <. = Ynes (Gn—l) Where Gi iS a
fuzzy graph with V;={ V- { v} / 6 (vi) = minimum fuzzy vertex cardinality}

Proof:

Let G be a strong complete fuzzy graph with vertex set V = { vy,Va,.... Vi1, Vi, Vis1, ... Vn}. Let G; be the
fuzzy graph induced by the vertex set Vi = { V- Dns(G) } , Dnes (Gi) is the neighborhood clique
dominating set using strong arc with respect to V;. By definition < N ( Dy (Gj) > is complete.

Clearly , the fuzzy neighborhood clique dominating number using strong arc G;’ s are  VYnes(G), Ynes(G1),
Ynes(G2), Ynes(G3),.- ... Ynes(Gn-1) such that y,es(G) < Ynes(G1) < Vnes(G2) < Vnes(G3) ..o < Ynes(Gn1)

Theorem 4.9
If G is a fuzzy graph then y5(G) < Ynes(G).
Proof:

Let G be a strong complete fuzzy graph . Let Ds(G) and D,(G) be the dominating set and neighborhood
dominating set of G using strong arc. Since D,(G) is the neighborhood clique dominating set of G
using strong arc, Dns(G) is also a dominating set , but need not be minimum fuzzy dominating set.

Y5(G) < Ynes(G).
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5. Fuzzy Global Diminishing Dominatioon Number Using Strong Arc.
Definition 5.1

Let G be a fuzzy graph without isolated vertices.A subset Dyys(G) of V is said to be a Diminishing
domination set of Gusing strong arcs if Dggs(G) contains the vertices of degree less than the vertices of
maximum degree in G. Dygs(G) = { vi / d(v;) < A }. The fuzzy diminishing domination number y45(G) of
G using strong arc is the minimum fuzzy cardinality taken over all minimal diminishing dominating sets
of G.

Similarly Dggs(G) is Diminishing domination set of G using strong arcs and yqqs(G) is the Diminishing
domination number of G using strong arc. Then the fuzzy global diminishing domination number of G is
the minimum of yu4s(G) and yuas(G). Ygaas(G) = min { yaas(G), Yass(G)}

Example 5.2
v1(0.4) (0.3)
V4(05)
(0.3 0.2) Dyas(G) = { v3,v4}
Yaas(G) = 0.8
V( 0.6) (0.2) v3(0.3)
(G) -Figure 2(a)
v1(0.4) (0.1) v(0.6)
H(V2,vs) = 0.5
M(v1,vs) =0.1
(0.1) (0.1) Duas(G) = {vi}
Ydds(G_) =04
v4(0.5) v3(0.3)
(0.3) "'Ygdds(G) =04

(G) -Figure 2(b)

Volume 23, Issue 11, November - 2021 Page-660



Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

Theorem 5.3
If G is a strong complete fuzzy graph with distinct vertex cardinality then yg444s(G) = min { o(vi)}.
Proof:

Let G be a strong complete fuzzy graph with distinct vertex cardinality and let Dgq (G) be the
diminishing dominating set of G using strong arcs which contains the vertices of degree less than A .
Clearly Dygs (G) = { vi/ vi € V is the minimum fuzzy vertex cardinality }. - The fuzzy diminishing
domination number of G using strong arcs is Ygas(G) = min{ o(vi) / vi € G }. Similarly the fuzzy
diminishing domination number of G using strong arcs is y4ss(G) = min{ o(vi) / Vi € G } = v4us(G).

“ Yoaos (G) = min{ Y4as(G) , Yaas(G) } = yaas(G) = min{ o(vi) /vi € G }.

Corollary : 5.3.1

If G is a regular fuzzy graph then y4445(G) does not exist.

Corollary: 5.3.2

If G is a totally regular fuzzy graph then yg4s(G) does not exist.

Corollary: 5.3.3

If Gisa strong complete fuzzy graph then n[ Dgqqs (G) ] = 1.

Theorem 5.4

If G is a fuzzy graph then (i) Ygas(G) < p - A, where p= Yo (u) and (i) 6= Y44as(G) -
Proof:

Let G be a fuzzy graph and Dggs(G) be the fuzzy diminishing dominating set of G using strong arcs
which contains the vertices of degree less than A. Clearly ygos(G) + A< 6 (uj) =Pp. = Ygaas(G) <p—A
and ygqas(G) > 6.

6. Fuzzy Global Regular Domination Number Using Strong Arc.
Definition 6.1

The domination set Ds (G) of the fuzzy graph G is said to be regular dominating set using strong arc if
every vertex in Dys (G) is of same degree. The fuzzy regular domination number v,5(G) is the minimum
fuzzy cardinality taken over all minimal regular dominating sets of G.

Similarly Dys (G) is the fuzzy regular dominating set of G and vy,(G) is the minimum fuzzy cardinality
taken over all minimal regular dominating sets of G.

Fuzzy global regular domination number using strong arc ygs(G) is the minimum of y,(G) and ys(G). -
Yars(G) = min { yis(G), 1rs(G) } and the corresponding set Dy (G) of yqs(G) is said to be Global regular
dominating set using strong arc.

Example 6.2
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V1(04) 0.2 V4(05)

0.3 0.1

v2(0.6) v3(0.3)
0.1

(G) - Figure 3(a)

V1(04) 0.1 V4(05)
0.2
0.2
v5(0.6) 03 vs(0.3)

(G) -Figure 3(b)

Theorem 6.3

ISSN: 1007-6735

Drs(G) = { V3-V4}
7(G) = 0.8

H(v2,vg) =05
M(vy,Vvs) =0.2
Dis(G) = { vz}
Yrs(G) = 0.6

~ Ygrs(G) = 0.6

Let G be a k- regular fuzzy graph and c- totally regular fuzzy graph with strong arcs. Then

Yars(G) < n(c-K) , n is the number of fuzzy vertices.

Proof:

Let G be a k- regular fuzzy graph and c- totally regular fuzzy graph with strong arcs.

~dv) =k, VvieV and dy(vi)) =d(v;) +o (vi) =c.
d(vi) =k .~ Y d(v)) = ¥ k = nk

2 di(vi) =X [d(vi) + o (vi)]

nc=nk+> o (v). -~ o(vi)=n(c-Kk).

p =2 o (vi) = n(c-k). By definition 7yg4s(G) <3 6 (Vi). = Ygis(G) < n (c-K).
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Theorem 6.4
If G is a strong complete fuzzy graph with equal fuzzy cardinality , then yq(G) exists.
Proof:

Let G be a strong complete fuzzy graph with equal fuzzy cardinality. Then y,s(G) exists, since each vertex
Vi dominates the remaining vertices. Similarly y,(G) also exists. Therefore yq5(G) exists.

Corollary 6.5
If G is a regular fuzzy graph with strong arcs, then vyqs(G) exists.
Theorem 6.6

If G is a strong complete bipartite fuzzy graph Kn,m with 6 (vi) =¢, V Vi € V, then y,5(G) exists and
vrs(G) =2 C.

Proof:

Let G = Kym be a complete bipartite fuzzy graph with all arcs as strong arcs and ¢ (vi) = ¢, V v; € V.Then
by definition of complete bipartite fuzzy graph , n[ D,s(G)] = 2. Therefore y.(G) =2 c.

Result 6.7

If G = FP, is a fuzzy path with equal fuzzy vertex cardinality and having all edges as effective edges then
fuzzy regular domination number exists for n > 3.

7. Fuzzy Global Regular Split Domination Number Using Strong Arc.
Definition 7.1

The dominating set Dys(G) of the fuzzy graph G is said to be regular split dominating set using strong arc
if (i) every vertex in D(G) is of same degree. (ii) < V- D(G) > is disconnected. The fuzzy regular split
domination number using strong arc y.s (G) is the minimum fuzzy cardinality taken over all minimal
regular split dominating sets of G using strong arc.

Similarly s (G) is the minimum fuzzy cardinality taken over all minimal regular split dominating sets
of G using strong arc. Then fuzzy global regular split domination number y4s(G) Using strong arc is
minimum of Y5 (G), Yrss (G). (i€) Ygrss(G) = min { yiss (G), s (G)}-

Example 7.2
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v1(0.3) 0.2 V,(0.3)
Drss(G) = { VlaVS}
0.1 0.1 Yiss (G) = 0.7
Vy (05) 0.2 V3(04)

(G) - Figure 4(a)

V1(03) 0.1 V2(03)
M(vy,vs) = 0.3
H(V2,vs) = 0.3
0.2 0.2
V4(05) 0.2 V3(04)

(G) -Figure 4(b)

For (G), regular split domination number does not exist.

Result 7.3

Let G be a fuzzy path with equal fuzzy cardinality and having all edges as effective edges. Then ygs5(G)
exists for FP3,FP4,FPs only. For FP, , n> 5, global regular split domination number does not exist.

Result 7.4

Global regular split domination using strong arc does not exist for fuzzy paths with distinct fuzzy vertex
cardinality.

Theorem 7.5

Regular split domination number using strong arc exists for fuzzy paths and fuzzy cycles ( For FC, n>3).
But global regular split domination number using strong arc does not exist for fuzzy paths and fuzzy
cycles.
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Proof:

Let G be a fuzzy path or fuzzy cycle. If D,(G) is a regular split domination set of G. Then by definition
of G , regular dominating set of G, Ds(G) can be found out, but < V- Di(G) > is not disconnected. -
Regular split domination number using strong arc does not exist for FP, or FC,. - Global regular split
domination number does not exist for FP, or FC,.

8. Fuzzy Global Regular Non split Domination Number Using Strong Arc.
Definition 8.1

The dominating set Dy(G) of the fuzzy graph G is said to be regular split dominating set using strong
arc if (i) every vertex in Dn(G) is of same degree. (ii) < V- Dns(G) > is connected. The fuzzy regular
non split domination number using strong arc ymss (G) is the minimum fuzzy cardinality taken over all
minimal regular non split dominating sets of G using strong arc.

Similarly ymss (G) is the minimum fuzzy cardinality taken over all minimal regular non split dominating
sets of G using strong arc. Then fuzzy global regular non split domination number ygmss(G) Using strong

arc is minimum of Ymss (G), Ymss (G). (i€) Ygmss(G) = min { Ymss (G), Yrmss (G)}-

Example 8.2
v1(0.3) 0.2 v2(0.3) Drnss(G) = {v1,v2}
Yrss(G) =0.6
0.1 0.1
v4(0.5) 0.2 v3(0.4)
(G) - Figure 5(a)
0.1
v1(0.3) v,(0.3) M(vy,vs) =0.3
H(V2,v4) = 0.3
Drnss(G_) = { Vl}
0.2 0.2 Ymss(G) = 0.3
“ Ygmss(G) =0.3
v4(0.5) 0.2 v3(0.4)
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(G) - Figure 5(b)

Theorem 8.3
Fuzzy global regular non split domination number using strong arc exist for strong complete graphs (K,)
Proof:

Let G= K, be a strong complete fuzzy graph. Since every vertex of G is adjacent to every other vertex, it
is possible to find a regular dominating set D of G such that < V- D(G) > is connected. (ie) Fuzzy regular
non split domination number exist for G. Similarly regular non split dominating set exist for G ... Fuzzy
global regular non split domination number exist for G = K, .

9. Fuzzy Global Connected Domination Number Using Strong Arc.

Definition 9.1

The dominating set D(G) of a fuzzy connected graph G is said to be a connected dominating set using
strong arc if < D¢(G > is connected. The fuzzy connected domination number using strong arc ycs(G) is
the minimum cardinality taken over all minimal connected domination sets of G.

Similarly ys(G) is the fuzzy connected domination number using strong arc of G. Then fuzzy global
connected domination number of a connected fuzzy graph G ygcs (G) is the minimum of ys(G) and ye(G).

(ie) Yges (G) = min { y5(G) , ch(é) }

Example 9.2
v1(0.3) v,(0.3) Des(G) = { vi,va}
0
0.1 Yes(G) =0.5
0.
v4(0.2) v3(0.4)

(G) - Figure 6(a)
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v4(0.3) 0.3 v2(0.3)
M(v1,v3) = 0.1
M(vz,vg) =0.1

0.1 0.3 Des(G)=0.5
Yes(G) = 0.5
Yees(G) = 0.5
v3(0.4)
v4(0.2) 0.2

(G) - Figure 6(b)

Remark :

If Dycs (G) is a global connected dominating set of G using strong arcs , then <V - Dy (G) > need not
be connected.

Example 9.3
Des(G) = {v2}
V4(0.3) ch(G) = 0.2

v1(0.1) 0.1 v(02) 0.1 v3(0.1)

(G) - Figure 7(a)

Volume 23, Issue 11, November - 2021 Page-667



Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

V2(02)
v,(0.1) 0.1 Des(G) = {va,va}
0.1 Yes(G) = 0.4
~ Yges( G) = 0.2
V4(O-3) V3(0-1) Dgcs(G) = {VZ}

0.1

(G) - Figure 7(b)

Theorem : 9.4
For any connected fuzzy graph G yges(G) < ves(G)
Proof :

By definition, global connected domination number using strong arc is the minimum of y¢(G) and
Yes(G)-+ Yoes(G) < ¥es(G).

10. Fuzzy Global Connected Split Domination Number Using Strong Arc.
Definition 10.1

The dominating set D.s(G) of a fuzzy connected graph G is said to be a fuzzy connected split
dominating set using strong arc if < D.(G > is connected. The fuzzy connected domination number using
strong arc ycss(G) is the minimum cardinality taken over all minimal connected split domination sets of G.

Similarly vess(G) is the fuzzy connected split domination number using strong arc of G. Then fuzzy global
connected split domination number yqess (G ) of a connected fuzzy graph G is the minimum of y.(G) and

chs(é)- (ie) Ygcss (G) = min { chs(G) ) chs(G_) }.
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Example 10.2
v1(0.2) v4(0.4) Dess(G) = {va,va}
Yess(G) = 0.5
0.1 0.1
V2(03) U.2 V3(02)
(G) — Figure 8(a)
v1(0.2) 0.2 v4(0.4)
Dcss(G_) = {V11V4}
0.3 |0.1 Yess(G) = 0.6
0.1 0.2 'chss(G) =05
V3(02)
V2(03)
(G) — Figure 8(b)
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