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Abstract

The article considers a new �exible distribution with di¤erent shape of 
quan- tile hazard rate. A new class developed is the sum of quantile functions of 
the generalized extreme value and weibull distributions. A new model has the 
probability density function whose sensitive skewness is a general case of prob- 
ability density quantile function of the exponential distribution, probability 
density quantile function of the rayleigh distribution, exponential distribution 
and rayleigh distribution. Di¤erent properties and reliability characterization of 
this new model have been discussed and inference of parameters using per- 
centile methods and L-moments methods are studied. To clarify the procedure 
of methods of estimation, two real data sets were performed.
Keywords: Generalized extreme distribution; weibull distribution; failure 

quantile function; L-moments quantile density function; quantile function.

1 Introduction
The distributions with four or more parameters don�t impose very strong 
restrictions on data. This is well illustrated by their ability to produce bathtub 
curves and this the ability to interpret the data appropriately and strong and the 
consequent reduction of the estimation errors and the cost in the ideal preventive 
maintenance problem, as opposed to distributions with one or two parameters.
In general, the failure rate and length of life of a component are an important 

problem in reliability analysis, in analyzing mechanical and electronic systems one
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uses the exponential distribution for systems or components with a constant failure
rate, another one uses Raleigh, linear failure rate distribution or generalized exponen-
tial distribution when the components have an increasing failure rate. The lifetime
of a component is expected to exhibit decreasing failure rate when its behavior over
time is characterized by �work-hardening�then we can use Lomax distribution (cf.
Lomax (1954), Nassar (1988) and Kus (2007)). We may be used the bathtub failure
rate if the failure rate is high at the start of the system or component and decreases
toward a constant level. After acertain time, the system enters the war-out phase and
the failure rate begins to increase (cf. Haupt and Schabe (1992) and Muldholkar and
Srivastava (1993)). In practice often one needs to consider bathtub shaped failure
rate function for one component, increasing failure rate for other components and
decreasing failure rate for third components. Even though this case has been intro-
duced in a good deal of reliability engineering systems, few practical distributions
possessing this property have appeared in the studies.
Additionally, the quantile function is a very e¤ective method for statistical analy-

sis in many applications. For a non-negative random variable X with distribution
function F (x) and F�1 is the inverse function of F function. The quantile function
Q(�) is de�ned by

Q(�) = F�1 (x) = inf fx : F (t) � �g ; 0 < � < 1:

This function has a set of unique properties that are not enveloped by the distribution
function such as the sum of the two quantiles is still quantile function. The most
interesting approach to this issue has been proposed by Bassett and Koenker (1982),
Castillo and Hadi (1994) and Gilchrist (2000).
In some reliability problems, it is convenient to work with median or some other

percentile functions. Because mean is a¤ected by outliers whereas median and per-
centiles are not. Additionally, to calculate the mean life we need to wait until every
unit has failed, but in median time function, we need to wait until half of the units
failed only. For several years great e¤ort has been devoted to the study of the ap-
plications of percentile function in reliability analysis, such as the percentile failure
rate, percentile residual lifetime and past lifetime of the components of the parallel
systems which introduced by Noughabi and Izadkhah (2016), Sunoj et al. (2017) has
also found that big role of the percentile function in reliability information theory and
the new classes of distributions de�ned by a quantile function with application in reli-
ability theory are discussed in many papers such as Sankaran et al. (2015), Sankaran
et al. (2016) and Sankaran and Kumar (2018). In Nair and Sankaran (2009) it was
de�ned that the derivative of

q (�) =
dQ(�)

d�
;

as quanitle density function.
The purpose of this paper is to achieve three goals. The �rst goal is to introduce

and study new practical distribution with decreasing, increasing and bathtub failure
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rate. The Second goal is to provide practical and more �exible distribution by in-
troducing a new quantile function, which has many important features in the theory
of reliability and distribution theory. The proposed quantile function is derived by
taking the sum of quantile functions of generalized extreme value type I and Weibull
distributions. Extreme value theory seems to have originated mainly from the needs
of astronomers in utilizing or rejection outlying observations. The early papers by
Gumbel (1935; 1941) and Fuller (1914) and Gri¢ th (1920) on the subject were highly
specialized both in �elds of applications and in methods of mathematical analysis.
Let X1 has generalized extreme value type I (GE (�; �)) distribution with scale pa-
rameter � and shape parameter � > 0, then its survival and quantile functions are
respectively given as by

F 1 (x) = 1� e�t(x);

Q1(�) = �� � ln (� ln �) ; 0 < � < 1; (1)

where t (x) = exp (� (x� �) =�) : The Weibull distribution plays a vital role in sur-
vival analysis. It developed to predict the time to failure of mechanical components,
but it has found application also in microbial inactivation for a variety of lethal
agents. Let X2 has Weibull distribution (W (�; �)) with scale parameter � and shape
parameter �, then its survival and quantile functions are respectively given as

F 2 (x) = exp (� (x=�)�) ; �; � > 0: (2)

Therefore,
Q2(�) = � (� ln (1� �))1=� ; 0 < � < 1: (3)

The rest of the paper is organized into �ve sections: Section 2 we present the
suggested model of distributions, its members and study its basic properties and
characterizations. Section 3 provides various reliability characterization. In Section
4, the inference of the distribution�s parameters of a new family using percentile
methods and L-moments methods are studied. To clarify the procedure of methods
of estimation, two real data sets were performed. Finally, Section 5 describes brief
conclusions of the results of this work.

2 The NewModel and Basic Properties and Char-
acterizations

Let X1 and X2 be two non-negative random variables with distribution functions
F1(:) and F2(:) with quantile functions Q1(:) and Q2(:) respectively. Then

Q(�) = Q1(�) +Q2(�) (4)

is a quantile function with the density quantial function f (Q(�)). Besides, the deriv-
ative of Q(�), expressed as q(�) is known as the quantile density function.
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Equations (1), (3) and (4) express a new quantile function as

Q(�) = �+ � (� ln (1� �))1=� � � ln (� ln �) ; (5)

where 0 < � < 1; �; �; � 2 R+: Thus, the new quantile density function, expressed
as (Generalized Extreme Value Weibull quantile function (GEW (�; �; �; �))) is pro-
vided as

q(�) =
�

� (1� �)
(� ln (1� �))(1��)=� � �

� ln �
; (6)

The suggested distribution can be expressed in term of density function f (x) as

f (x) =
�F (x)F (x) lnF (x)

�F (x) (lnF (x))
�
� lnF (x)

�(1��)=� � ��F (x)
: (7)

The proposed density function for di¤erent parameters is shown in Figure (1). For
all values of the parameters, the density is concave in � and it tends to zero as x! 1.

Figure (1): Plots of density function for di¤erent values of �.

This new distribution has a probability density quantile function with four pa-
rameters �; �; �; �: Therefore, the model can be considered more appropriate for
practical and applied situations as well as being considered the general state of many
probability distributions such as the probability density quantile function of the Expo-
nential distribution (PDQE), the probability density quantile function of the Rayleigh
distribution (PDQE), Exponential distribution (ED) and Rayleigh distribution (RD).
They are described by the following cases in table (1):
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Table (1): Sub-models of GEW (�; �; �; �) models.

Reduced model � � � � q(�) Q(�)
PDQE 1 ! 0 ! 0 � �= (1� �) � (� ln (1� �))

ED 1 ! 0 ! 0 1 (1� �)�1 � ln (1� �)

PDQR 2 ! 0 ! 0 � �(� ln(1��))�1=2
2(1��) � (� ln (1� �))1=2 :

RD 2 ! 0 ! 0 1 (� ln(1��)�1=2)
(2(1��)) (� ln (1� �))1=2

In the following results, we provide the random variable associated with the pro-
posed quantile function (7).
Theorem 1 : If U1 and U2 are two random variables with quantile functions

QU1(�) and QU2(�) and the distribution functions GU1(�) and GU2(�) respectively, let
U1 2 GE (�; �) and U2 2 W (�; �) then we have

(i) the random variable U1 + �
�
� ln

�
1� e�t(x)

��1=�
has GEW (�; �; �; �) :

(ii) the random variable U2 + �� �� [lnU2 � ln�] has GEW (�; �; �; �) :

Proof : Sankaran et al. (2016) have demonstrated that the random variables

U1 +QU2(GU1(�));

and
U2 +QU1(GU2(�));

are random variables corresponds to the quantile function � (�) = QU1(�) + QU2(�):
If U1 2 GE (�; �) and U2 2 W (�; �), by using (1) and (2), then we have

U1 +QU2(GU1(�)) = U1 + �
�
� ln

�
1� e�t(U1)

��1=�
;

by (4), we can conclude that U1 +QU2(GU1(�) 2 GEW (�; �; �; �) : The proof (ii) is
similar to that of (i).

2.1 Quartile coe¢ cients

We can characterization the derivative of f(x) by the distribution function as follows

f 8 (x) =
�f (x)

�
�' (x) (x)� ��F (x)

� �
lnF (x)� 2' (x) + F (x)

��
�' (x) (x)� ��F (x)

�2
�
�f (x)F (x)' (x) (x)

h
�
�
lnF (x) + 1�

�
1��
�

� '(x)

F (x) lnF (x)

�
+ ��

i
�
�' (x) (x)� ��F (x)

�2
5
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where ' (x) = F (x) lnF (x), which is called lack information in information theory

and  (x) =
�
� lnF (x)

�(1��)=�
.

Now we can derive Quartile coe¢ cients of location (median (M)), dispersion (the
interquartile range (IQ)), skewness (Galton�s coe¢ cient (G)) and kurtosis (Moor�s
coe¢ cient (MK)) respectively as

M = Q(
1

2
) = �+ � (ln (2))1=� � � ln (ln 2) ;

IQ = Q(
3

4
)�Q(

1

4
)

= 1:57� � � (0:288)1=� + � (1:39)1=� ;

G =
Q(3

4
) +Q(1

4
)� 2Q(1

2
)

IQ

=
0:92� + � (0:29)1=� + � (1:39)1=� + 2�� 2

�
�+ � (ln (2))1=� � � ln (ln 2)

�
1:57� � � (0:29)1=� + � (1:39)1=�

;

and

MK =
Q(7

8
)�Q(5

8
) +Q(3

8
)�Q(1

8
)

IQ

=
� (�; �; �)

1:57� � � (0:29)1=� + � (1:39)1=�
;

where � (�; �; �) = �� ln
�
8
7

�1=�
+ � ln

�
8
5

�1=�� � ln �8
3

�1=�
+ � ln (8)1=�� � ln ln

�
8
7

�
+

� ln ln
�
8
5

�
� � ln ln

�
8
3

�
+ � ln ln (8) :

2.2 L-moments

The moments are useful tools for analyzing important properties of T when they
exist. However, moments functions may not exist. Even when it exists or it may
have some practical shortcomings, especially in situations where the data are cen-
sored, or when the underlying distribution is skewed or heavy- tailed. In such cases,
the L-moments to be considered next can provide a competing alternative to the
conventional moments.
The rth L moment is given by,

Lr =

Z 1

0

r�1X
s=0

(�1)r�1�s
�
r � 1
s

��
r � 1 + s

s

�
�sQ (�) d�: (8)
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Since

r�1X
s=0

(�1)r�1�s
�
r � 1
s

��
r � 1 + s

s

�
�sQ (�) (9)

= � (�1)r 2F1 [r; 1� r; 1; �]
�
�+ � (� ln (1� �))1=� � � ln (� ln �)

�
Hence, by using (5), (8) and (9), we obtain the �rst four L moments as follows:

L1 = 
� + �+ ��

�
1 +

1

�

�
;

L2 =
�
�� 2�1=��

�
�

�
1 +

1

�

�
+ � ln (2) ;

L3 = �
�
1� 3

�
2�1=�

�
+ 2

�
3�1=�

��
�

�
1 +

1

�

�
+ � ln

�
9

8

�
;

and

L4 = �
�
1� 3

�
2(��1)=�

�
+ 10

�
3�1=�

�
� 5

�
4�1=�

��
�

�
1 +

1

�

�
+ 2� ln

�
256

243

�
;

for all Re
�
1
�

�
> �1 and 
 is Euler Gamma, � (:) is gamma function and Re

�
1
�

�
gives the real part of the complex number 1

�
.

For the model (7), L-coe¢ cient of variation (�1), L-coe¢ cient of skewness (�2)
and coe¢ cient of kurtosis (�3) have the following expressions:

�1 =
L2
L1
=

�
�� 2�1=��

�
�
�
1 + 1

�

�
+ � ln (2)


� + �+ ��
�
1 + 1

�

� ;

�2 =
L3
L2
=
�
�
1� 3

�
2�1=�

�
+ 2

�
3�1=�

��
�
�
1 + 1

�

�
+ � ln

�
9
8

�
(�� 2�1=��) �

�
1 + 1

�

�
+ � ln (2)

;

�3 =
L4
L2
=
�
�
1� 3

�
2(��1)=�

�
+ 10

�
3�1=�

�
� 5

�
4�1=�

��
�
�
1 + 1

�

�
+ 2� ln

�
256
243

�
(�� 2�1=��) �

�
1 + 1

�

�
+ � ln (2)

:

2.3 Order statistics

In this subsection, we derive an explicit expression for the density of the ith order
statistic X(i:n), say f(i:n)(x), in a random sample of size n from GEW (�; �; �; �)
distribution and the probability density functions of the smallest, largest and median
order statistic. Besides, the joint distribution of ith and jth as well as rth moment
about zero of the ith order statistics are investigated.
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Let T1; T2; :::; Tn be a random sample having GEW (�; �; �; �) distribution and
let T(1); T(2); :::; T(n) be the corresponding order statistics. The probability density
function of ith order statistic is given by:

f(i:n)(t) =
1

B(i; n� i+ 1)
[FT (t)]

i�1 [1� FT (t)]
n�i fT (t); 1 � i � n (10)

Using the binomial series expansion of [1� FT (t)]
n�i, we obtain

[1� FT (t)]
n�i =

n�iX
j=0

(�1)j
�
n�i
j

�
[FT (t)]

j : (11)

Inserting (7) and (11) into (10), we have

f(i:n)(t) =
n�iX
j=0

(�1)j �
�
n�i
j

�
[FT (t)]

j+i F T (t) lnFT (t)

B(i; n� i+ 1)
�
�FT (t) (lnFT (t))

�
� lnF T (t)

�(1��)=� � ��F T (t)
� ;

where 1 � i � n: Therefore,

E
�
T(i:n)

�
=

Z 1

0

n�iX
j=0

(�1)j �
�
n�i
j

�
t [FT (t)]

j+i F T (t) lnFT (t)

B(i; n� i+ 1)
�
�FT (t) (lnFT (t))

�
� lnF T (t)

�(1��)=� � ��F T (t)
�dt

In this way, we obtain E
�
T(i:n)

�
by using quantile function as

E
�
T(i:n)

�
=

Z 1

0

n�iX
j=0

Q (�)
(�1)j�((1��)=�) �

�
n�i
j

�
t�j+i� ln �

B(i; n� i+ 1)
�
�� ln �

�
ln �
�(1��)=� � ���

�d�;
where � = 1� �: For the family of distributions (5), the �rst order statistic T(1:n) has
the quantile function,

Q(1:n)(�) = Q
�
1� �

1
n

�
= �+ �

�
� ln �

1
n

�1=�
� � ln

�
� ln

�
1� �

1
n

��
and the last order statistic T(n:n) has the quantile function,

Q(n:n)(�) = Q
�
�
1
n

�
= �+ �

�
� ln

�
1� �

1
n

��1=�
� � ln

�
� ln � 1n

�
:
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In addition, the joint distribution of the ith and jth order statistics f(i:j:n)(ti; tj), i < j
can be expressed as:

f(i:j:n)(ti; tj) = C(i:j:n) [FT (ti)]
i�1 [1� FT (tj)]

n�j [FT (tj)� FT (ti)]
j�i�1 fT (ti)fT (tj)

= C(i:j:n) [FT (ti)]
i�1

n�jX
s=0

(�1)s
�
n�j
s

�
[FT (tj)]

s [FT (tj)� FT (ti)]
j�i�1

� �2FT (ti)F T (ti) lnFT (ti)

�FT (ti) (lnFT (ti))
�
� lnF T (ti)

�(1��)=� � ��F T (ti)

� FT (tj)F T (tj) lnFT (tj)

�FT (tj) (lnFT (tj))
�
� lnF T (tj)

�(1��)=� � ��F T (tj)

for �1 < ti < tj < 1 and C(i:j:n) = n!
(i�1)!(j�i�1)!(n�j)! : Then, the minimum and

maximum joint probability density of CIR (�; �), denoted by f(1:n:n)(t1; tn), can be
obtained from (10) substituting i = 1 and j = n, as follows

f(1:n:n)(t1; tn) = C(1:n:n) [FT (tn)� FT (t1)]
n�2

� �2FT (t1)F T (t1) lnFT (t1)

�FT (t1) (lnFT (t1))
�
� lnF T (t1)

�(1��)=� � ��F T (t1)

� FT (tn)F T (tn) lnFT (tn)

�FT (tn) (lnFT (tn))
�
� lnF T (tn)

�(1��)=� � ��F T (tn)
:

3 Reliability Properties

3.1 The hazard quantile function

A basic quantity, foundational in survival analysis, is the hazard quantile function.
This function is also known as the conditional failure rate in reliability, the force
of mortality in demography, the age-speci�c failure rate in epidemiology, the inverse
of the Mill�s ratio in economics or simply as the failure rate. The hazard quantile
function H(�) can be represented by

H (�) =
f (Q(�))

1� f (Q(�))
= ((1� �) q (�))�1 =

�� ln �

��
�
� ln �

�(1��)=�
ln � � ���

(12)

where � = 1 � �: Inserting (1) and (2) in (12) we get a characterization of hazard
quantile by Q1(�) and Q2(�) as follows

H (�) =
�� exp ((��Q1(�)) =�)

���Q2(�)1�� exp ((��Q1(�)) =�) + ���
:

Survival analysis is focused on the concept of quantile failure rate in many applications
such as reliability theory and medical context.
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3.2 Some typical bathtub curves

The new class distributions include the main standard hazard shapes (increasing,
decreasing and upside-down bathtub) for di¤erent choices of parameters, which we
believe is an important property for any parametric family, see Figures (4) and (5).
The shape of the quantile failure rate function is determined by the derivative of

H (�), which is provided as,

H 8 (�) =
�
�1
�
�2� ln �

2 �
2� � �2 � � ln � � 1

�
+ ��2 ln �2

�
� ln �

�1=�
(�� 1)

�
�
��� ln � � �� ln � � ��

�
� ln �

�1=�
ln �
�2 ;

We found
�
��� ln � � �� ln � � ��

�
� ln �

�1=�
ln �
�2

> 0, then the kind of quantile
failure rate depend on sign of the following formula

� (�; �; �; �) = � �1
�
�2� ln � 2

�
2� � �2 � � ln � � 1

�
+ ��2 ln �2

�
� ln �

�1=�
(�� 1)

�
:

(13)
The failure rate reaches its minimum if we can minimize the � (�; �; �; �) with respect
to �: This minimize of � is obtained as a solution of the following �xed-point type
equation:

g (�) = �; (14)

where

g (�) =

vuut�2� ln � 2
�
�2 + � ln � � 2� + 1

�
� ln �2

�
� ln �

�1=�
(�� 1)

:

The solution of (14) can be obtained by a simple iterative procedure. Suppose we
start with an initial guess �0, then the next iteration �1 can be obtained as �1 = g (�0) ;
similarly, �2 = g (�1) and so on. Finally the iterative procedure should be stopped
when [�i � �i+1] < ", where " is a preassigned tolerance value. If burn-in is to be
applied to increase �eld reliability, the burn-in time should not be longer than to �i.
In addition, after to �i, replacement should be considered because the failure rate will
start increasing and at certain times, it may be too high.
It has been found that the hazard quantile function H (�) has constant if � = 1;

� = 0:5; � 2 [0; 1[ ; � > 0 and

� (�; �; �; �) = ��;

and when
� >

�
�� (1� �)

�
� ln �

�1=�
ln �2

�
=
�
2�2 ln �

2
�
:

Therefore H (�) has an increasing hazard quantile model. It is evident that H (�)
belong to decreasing hazard quantile model if

� <
�
�� (1� �)

�
� ln �

�1=�
ln �2

�
=
�
2�2 ln �

2
�
:
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Then, the new class distributions include the main standard hazard shapes (constant,
increasing, decreasing and upside-down bathtub) for di¤erent choices of parameters,
which we believe is an important property for any parametric family. Some plots
using (7) can be found in Figure (2).

Figure (2): Some typical bathtub-shaped hazard percentile rate functions

using di¤erent values of the parameters.

3.3 Some basic reliability functions

Let T be a non-negative random variable denote the lifetime of a unit or organism,
having absolutely continuous distribution function F: In many reliability problems,
there are interesting to consider variables of the following kind

Tt = [T � t j T > t]; t 2 fx; x 3 FT (x) < 1g ;

and having distribution function FTt(s) = P [T � t � s j T � t] and which is known in
the literature as residual time. For any life variable T � 0, the residual life variable
Tt = [T � t j T � t] , where t 2 (0; lT ) and lT = sup ft 3 FT (t) < 1g, is a nonnegative
random variable representing the remaining life of T at age t. Hence, if F (:) is the
distribution function of T and F (:) = 1 � F (:) is its survival function, thus the
survival function of Tt, is given by

F Tt (x) =
F (x+ t)

F (t)
, x � 0; t � 0:
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The mean residual life at time t can be represented as

�T (t) = E[T � t j T � t] =

Z 1

t

F (u)du

F (t)
; t � 0:

Now, the reversed hazard quantile and mean residual quantile functions respectively
provided as

�1 (�) = (�q (�))
�1 =

��� ln �

�
h
� ln ��

�
� ln �

�(1��)=� � ���
i

and

�2 (�) = ��1
Z �

0

(xq (x))�1 dx

= (��)�1
�
�

�
��
�
1

�

�
+ �

�
1

�
;� ln �

�
+ �

�
� ln �

�1=��� �� li (�)

�
:

To calculate the mean residual life of a system we need to wait until every unit of
the system failed, but if we use the quantile residual life function we only need to wait
until quantile (half) units have failed. Besides, in some instances, the mean residual
life may not even exist. As a result of some reliability problems, it is convenient to
work with the median or some other quantile of the residual life rather than the mean
residual life when there are heavy-tailed distributions.
If � is some number between 0 and 1, the quantile residual function of T , denoted

by �T;� (t) is de�ned for any t � lT by letting �T;� (t) be the quantile residual life
function of Tt. That is,

�T;� (t) = inf
�
x : F

Tt
� �
�
= F �1 �1� � F (t)

�
� t:

Nair and Sankaran (2009) have de�ned the quantile residual life in terms of quantile
functions as follows

�T;� (t) = (1� �)�1
Z 1

�

[Q(x)�Q(�)] dx;

= (1� �)�1
Z 1

�

(1� x) q(x)dx; t � lT ;

where � = 1� �. It follows from (6) that �T;� (t) of the new class can be provided as

�T;� (t) = �
�1
�
��

�
1 + �

�
;� ln �

�
+ � (� � 1)

�
� ln �

�1=�
+ � (
 + ln (� ln �))� � li (�)

�
;

(15)
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where � (:; :) is upper incomplete gamma, 
 is Euler gamma and li (x) is logarithmic
integral function of x.
As reported by Nair and Vineshkumar (2010), the variance quantile residual func-

tion can be calculated by

�T;� (t) = (1� �)�1
Z 1

�

Q2(x)dx� (�T;� (t) +Q(�))2 :

From (6) and (15) imply that

�T;� (t) = (1� �)�1
�
�2�

�
2 + �

�
;� ln �

�
+ � (�; �; �)

�
� (�T;� (t) +Q(�))2 :

where

Q2(�) = �2 (� ln (1� �))2=� � 2�� (� ln (1� �))1=� ln (� ln �) + �2 ln (� ln �)2 ; (16)Z 1

�

�2 (� ln (1� x))2=� dx = �2�

�
2 + �

�
;� ln �

�
;

and

� (�; �; �) =

Z 1

�

�2 ln (� lnx)2 dx�
Z 1

�

2�� (� ln (1� x))1=� ln (� lnx) dx: (17)

Using Newton-Cotes method we �nd the solution of (17).
However, it is reasonable to presume that in many realistic situations, the random

life variable is not necessarily related to the future but can also refer to the past.
For instance, consider a system whose state is observed only at certain preassigned
inspection times. If at time t the system is inspected for the �rst time and it is found
to be �down,� then the failure relies on the past. It thus seems natural to study a
notion which is dual to the residual life, in the sense which it refers to past time and
not to future that is knew as the inactivity time or reversed residual life. The mean
inactivity lifetime function, E [Tt], as to be presented as

E
�
T(t)
�
= E [t� T j T � t] =

Z t

0

F (u)du

F (t)
:

In addition, the quantile reversed residual function of T ( �T;� (t) ) can be de�ned as

�T;� (t) = t� F �1 �� + � F (t)
�
; t � lT :

Nair and Sankaran (2009) have represented the quantile reversed residual life in terms
of quantile function as follows
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�T;� (t) = ��1
Z �

0

[Q(�)�Q(x)] dx; (18)

It follows from (6) and (18) that �T;� (t) of the new class can be provided as

�T;� (t) = ��1
�
��

�
1 + �

�
;� ln �

�
+ ��

�
� ln �

�1=� � � li (�)� ��

�
1 + �

�

��
; (19)

where � (:) is a gamma function. As reported by Nair and Vineshkumar (2010), the
variance quantile reversed residual function can be calculated by

�T;� (t) = ��1
Z �

0

Q2(x)dx�
�
Q(�)� �T;� (t)

�2
:

From (6), (16) and (19) imply that

�T;� (t) = ��1
Z �

0

Q2(x)dx�
�
Q(�)� �T;� (t)

�2
= ��1

�
�2
�
�

�
2 + �

�

�
� �

�
2 + �

�
;� ln �

��
+ � (�; �; �)

�
�
�
Q(�)� �T;� (t)

�2
:Z �

0

(� ln (1� x))2=� dx = �

�
2 + �

�

�
� �

�
2 + �

�
;� ln �

�
;

and

� (�; �; �) =

Z �

0

�2 ln (� lnx)2 dx�
Z �

0

2�� (� ln (1� x))1=� ln (� lnx) dx: (20)

Using Newton-Cotes method we �nd the solution of (20).
Let X be a non-negative random variable with distribution function F and with

a �nite mean. The generalized Lorenz curve (eLX), it is de�ned by the following
transform:

eLX (�) =

Z �

0

F�1 (u) du; � 2 [0; 1] :

= ��

�
1 + �

�

�
� ��

�
1 + �

�
;� ln �

�
+ �( li (�)� � ln (� ln �))

Applications, properties and interpretations of Lorenz curve in the statistical theory,
reliability theory and in economics can be found in Ahmad and Kayid (2005, 2006,
2007), Li and Zuo (2004), and Li (2004) and among other.
In statistics, L-moments are a sequence of statistics used to summarize the shape

of a probability distribution. The sth L-moment residual quantile function of X
studied in Kupka and Loo (1989) which is given by

 r (�) =

sX
j=0

(�1)j
�
s� 1
j

�2 Z 1

�

�
x� �

1� �

�s�j�1�
1� x

1� �

�j
Q (x)

1� �
dx: (21)
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In particular, from (21) we have

 1 (�) = (1� �)�1
Z 1

�

Q (x) dx

= (1� �)�1
�

� + ��

�
1 + �

�
;� ln �

�
+ �� ln (� ln �) + � li(�)

�
and

 2 (�) = (1� �)�2
Z 1

�

(2x� � � 1)Q (x) dx

= (1� �)�2
�
� (ln 2� �
)� 2�1=�

�
21=�� Ei [2 ln �] + ��

�
1 + �

�
;�2 ln �

���
+(1� �)�2

�
21=�

�
(� � 1)��

�
1 + �

�
;� ln �

�
+ � (� ln(� ln �)� (1 + �) li (�))

��
where � (:; :) is upper incomplete gamma, 
 is Euler gamma, li (x) is logarithmic
integral function of x and Ei [x] is the exponential integral function.
The �rst and second L-moments of reversed residual quantile function for many

distributions is studied in studies such as Sankaran et al. (2015) and Sankaran and
Kumarm (2018) as

 1 (�) = ��1
Z �

0

Q (x) dx

= ��1
�
��

�
1 + �

�

�
� ��

�
1 + �

�
;� ln �

�
+ � (�� ln (� ln �) + li(�))

�
and

 2 (�) = ��2
Z 1

�

(2x� � � 1)Q (x) dx

= ��2
�
� (ln 2� �
)� 2�1=�

�
21=�� Ei [2 ln �] + ��

�
1 + �

�
;�2 ln �

���
+(1� �)�2

�
21=�

�
(� � 1)��

�
1 + �

�
;� ln �

�
+ � (� ln(� ln �)� (1 + �) li (�))

��
where � (:; :) is upper incomplete gamma, 
 is Euler gamma, li (x) is logarithmic
integral function of x and Ei [x] is the exponential integral function.
Gini�s mean di¤erence for the random variable Tt which de�ned in (13) is expressed

in terms of the quantile function as

G (Q (�)) = 2

Z 1

�

(1� x) (x� �)

(1� �)2
q (x) dx;

= 2� (�
� + i�� � Ei [2 ln �] + ln 2� � ln ln � + li (�) + � li (�))

���12��1� ��
�
1
�
;�2 ln �

�
� 2���1�

�
1
�
;� ln �

�
(� � 1) :
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Moreover, G (Q (�)) =2 is half the mean di¤erence of T , which is used as measure of
dispersion in theoretical and applied economic studies such as poverty and income.
The score function is a widely accepted statistical method, which has many ap-

plications in statistical data modeling and reliability context, where there is a rela-
tionship between it and hazard quantile function (the equivalent of the failure rate
function) (see, Nair et al. (2012) and Parzen (1979)). The score function has the
form

S (�) =
q8 (�)

q2 (�)
;

where q8 (x) = @q (x) =@x: For the modelling of distributions (6), S (�) is de�ned as

S (�) =
�1 (�; �; �; �)

�2 (�; �; �; �)
;

where

�1 (�; �; �; �) =
�
�
1��
�

� �
� ln �

�(1�2�)=�
��

2 +
�
�
� ln �

�(1��)=�
��

2 +
�

�2 ln �2
+

�

�2 ln �
;

�2 (�; �; �; �) = (
�

� (1� �)
(� ln (1� �))(1��)=� � �

� ln �
)2:

3.4 Optimum burn-in and replacement time based on failure
rate criteria

One application of a bathtub curve is that we can determine the optimum burn-in
time in the case when the initial failure rate is too high for the product to be released
directly after production. Also, after a certain time, the product enters the wear-out
phase and replacement should be considered. The decision can easily be made based
on our additive model.
Suppose that the product can only be released after burn-in when the failure rate

is less than tp to meet customers�requirement, then the optimum burn-in time can
be determined by

@

@t

Z t

0

H (�) d� = tp:

From (12), we get that

� ln
 

�

t ln t
� � (� ln (1� t))(1��)=�

� (1� t)

!
' tp: (22)

The optimum burn-in time should then be the smallest t for which the above
equality holds. Because of the shape of the curve, there are usually two solutions to
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the above equation and at the point of the �rst solution, the failure rate has decreased
enough to meet the reliability requirement.
Similarly, if the product has to be replaced by a new one when the failure rate is

too high, higher than tc say, then the optimum replacement time can be determined
by solving the following equation

� ln
 

�

t ln t
� � (� ln (1� t))(1��)=�

� (1� t)

!
' tc: (23)

Unlike the previous case, the largest t for which the above equality holds is the
optimum replacement time. After this time, the failure rate is increasing and higher
than the acceptable level and a replacement is needed to reduce the risk of immediate
failure.
Both (22) and (23) can be solved numerically using standard algorithms.

4 Estimation and Data Analysis

This section is developed to estimate unknown parameters of (7), by its quantile func-
tion. The quantile method and L-moments methods are derived and their asymptotic
distribution are given.

4.1 The percentile method

For a sample size n, let T1; :::; Tn be independent random variables with common
distribution function F , and let T(1); T(2); :::; T(n) be ordered lifetimes of n components.
Beside the sample distribution function Fn (t) = n�1 6= fk : Tk � t; 1 � k � ng, then
the sample percentile function can be represented as

�n (�) =

�
T([n�]+1) if n � is not an integer
T([n�]) if n � is an integer.

Nair et al. (2013) have provided asymptotic properties of the percentile estimates.
The following theorem studies asymptotic normality of the percentile method.
Theorem 2: [Nair et al. (2013)] Let T1; :::; Tn be independent random variables

with common distribution function F , and let T(1); T(2); :::; T(n) be ordered lifetimes of
n components with quantile function Q�(�); density function f (:) and distribution
function F (:), where � is a vector of k parameters. Assume that Q�(�) is unique
and f (Q�(�)) > 0; then �n (�) ! Q�(�) a. s. as n ! 1 with probability one andp
n (�n (�)�Q�(�)) is asymptotically distributed as

N

�
0;

� (1� �)

n (f (Q�(�)))
2

�
:
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We equate sample percentile function to population quantile given by

�n (�) = Q�(�)

and
�n (1� �) = Q�(1� �);

for all � < 0:5:
To illustrate the application of the model (7) we consider the data set represents

the strength of 1.5cm glass �bers measured at the National Physical Laboratory,
England. They are taken from Smith & Naylor (1987) and for choice � = 0:05 and
� ! 0: The data are: 0.55, 0.74, 0.77, 0.81, 0.84, 0.93, 1.04, 1.11, 1.13, 1.24, 1.25,
1.27, 1.28, 1.29, 1.30, 1.36, 1.39, 1.42, 1.48, 1.48, 1.49, 1.49, 1.50, 1.50, 1.51, 1.52,
1.53, 1.54, 1.55, 1.55, 1.58, 1.59, 1.60, 1.61, 1.61, 1.61, 1.61, 1.62, 1.62, 1.63, 1.64,
1.66, 1.66, 1.66, 1.67, 1.68, 1.68, 1.69, 1.70, 1.70, 1.73, 1.76, 1.76, 1.77, 1.78, 1.81,
1.82, 1.84, 1.84, 1.89, 2.00, 2.01, 2.24. We have the sample percentiles

�n (�) = 0:81 and �n (1� �) = 2;

and the estimates of the � = [�; �; �] are obtained as

b� = 1; b� = �0:675719 and b� = 1:33758:
Plots of failure rate function for di¤erent values of � are given in Figure (3), it depicts
H (�) is increasing in �:

Figure (3): Plots of hazard rate function for di¤erent values of � for real data.
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In order to assessing whether (7) model is suited to a data-set, we compare the
failure rate function with nonparametric failure rate function with di¤erent kernel
density functions. We estimate the nonparametric failure rate by

br (x) = bg (x)bG (x) ;
where bg (x) is kernel estimator of g (x) and bG (x) is survival function of bf (x) : Consider
a probability density function g(u) for a lifetime random variable U with distribution
function G (t) and survival function G (u) = 1�G (y) ; y 2 R+:The kernel estimator
of g (x) can be computed by the following equation:

g (u) =
1

nh

nX
i=1

K

�
u� ui
h

�
;

where h is the bathwidth parameter and K is kernel density. For the real data
the automatically computed bandwidth for h by the adaptive method is 0.0453 by
domain (0.142, 2.65) and data point 63 and by select Gaussian kernel with mean 0 and
standard deviation 1. As can be seen from Figure (4), the nonparametric estimate of
failure rate for data set is increasing.
By select some di¤erent methods for estimate kernel density such as Gaussian

method (K (u) =
�
1=
p
2�
�
(exp (�u2=2)) ; u 2 R), Epanechnikov method (K (u) =�

3=4
p
5
� �
1� u2

5

�
; �
p
5 < u <

p
5), biweight method (K (u) = (15=16) (1� u2)

2
;

�1 < u < 1); triangular method (K (u) = 1 � juj ; �1 < u < 1), ocsine method
(K (u) = (�=4) cos (�u=2) ;�1 < u < 1) and semicircle method (K (u) = (2=�)

p
1� u2;
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�1 < u < 1). Figure (5) presents these methods.

Figure (4): Nonparametric estimate of hazard rate for the data set

Figure (5): The di¤erent kernel functions.

4.2 L-moments method

In the last years, there has been a growing interest in L-moments, because it is a
very e¤ective method for an estimate by low bias compared to other estimators. Let
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U1; :::; Un be independent random variables with common distribution function F and
let U(1:n); U(2:n); :::; U(n:n) be ordered lifetimes of n components with quantile function
Q�(�); density function f (:) : Since there are four parameters in the model (7), then
we consider four L-moments as follows

�1 =

�
n
1

��1 nX
s=0

U(s:n)

�2 =
1

2

�
n
2

��1 nX
s=0

��
s� 1
1

�
�
�
n� s
1

��
U(s:n)

�3 =
1

3

�
n
3

��1 nX
s=0

��
s� 1
2

�
� 2

�
n� s
2

��
s� 1
1

�
+

�
n� s
2

��
U(s:n)

and

�4 =
1

4

�
n
4

��1 nX
s=0

8>><>>:
�
s� 1
3

�
� 3

�
n� s
1

��
s� 1
2

�
+3

�
n� s
2

��
s� 1
1

�
�
�
n� s
3

�
9>>=>>;U(s:n):

The L-moments estimators can be computed by equivalent the population L-moments
to sample L-moments as the following equation

�r = Lr; r = 1; 2; 3; 4: (24)

where the population L-moments of the model (7) (Lr) is described by (13). The
solution of the set of (24) give the estimates of �; �; � and �:
To clarify the procedure of L-moments estimators, we apply the distribution (7) to

real data as reported by Efron (1988). The data describe the survival times of a group
of patients su¤ering from Head and Neck cancer disease and treated using radiation
therapy. The sample L-moments are �1 = 226:1738, �2 = 94:2896, �3 = �65:2683
and �4 = �7:2558: It has been found that b� = 0:389; b� = 200:554; b� = �47:8531
and b� = 342:493 by solving the nonlinear set of (24) by using the Newton Raphson
method. Figure 6 presents the plot of failure rate quantile function for the data set.
From this �gure it can be seen that the model has bathtub-shaped failure rate.
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Figure (6): Nonparametric estimate of failure rate for the data set

5 Conclusions

In this article we achieved two goals. The �rst one is to introduce and study a
new family of the failure quantile models with increasing, decreasing and bathtub-
shaped failure rates extended distributions and study its statistical and reliability
characterizations. The second goal is to estimate the unknown parameters of the new
model and provide some applications in the context of statistics and reliability. The
obtained results are validated using two real data sets and it is shown that the new
family provides a better �t than some other known distributions.
On the basis of the promising �ndings presented in this paper, work on the re-

maining issues is continuing and will be presented in future papers such as
(i) Discuss the mixture analysis of the new family.
(ii) Introduce and study bivariate distributions of failure quantile models.
(iii) Provide the bayesian estimation with di¤erent lose functions of proposed

model.
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