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Abstract

A large number of fractional integral formulas involving certain special functions have
been presented. Here, in this paper, our aim at establishing three fractional integral
formulas involving the products of the multivariable H-function by using generalized
fractional integration operators given by Saigo and Maeda [M. Saigo, N. Maeda, Varna,
Bulgaria, (1996), 386-400]. the present paper we evaluate a number of

key Eulerian integrals involving the H- function of several variables. Our general
Eulerian integral formulas are shown to provide the key formulae from which
numerous other potentially useful results for various families of generalized
hypergeometric functions of several variables can be derived. In this paper, we evaluate
a class of MacRobert’s integral associ-ated with the multivariable I-function defined by
Nambisan et al [1],

Also using I-Function on ‘Certatain class of eulerian integrals of multivariable
generalized hypergeometric function” (for details of H-function ,see [2-6] [7], [8],Saxena
and Nishimoto [9],H.S.P. Srivastava [10]
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1.INTRODUCTIONAND DEFINITIONS

The results provided here provided closed-form expression for numerous other
potentially useful integrals not contained in the aforementioned works.

Volume 25, Issue 10, October - 2023 24



Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

Let a, f and n be complex numbers,and let x € R, = (0, «) Follwing Saigo [6} Fractional
integral (Re(a)>0 and derivative Re(a) < 0 of first kind of a function f(x) on R, are
defined respectively in the forms:

B, _ —a-p _ t
1577 () =S Jo (x = 1 2F1 (a¢+B8, —n5a; 1=5)f@®at; ..(11)  Re(@>0
j—;h‘i‘fﬁ"‘" THE), 0<Re(@)+n<1  (n=1,2,3, ..o, ),

Where 2F1(a, b; ¢; z) is Gauss's hypergeometric function

Fractional integral Re(a)>0 and derivative Re(a) < 0 of second kind a function f(x) on R,
are given by:

Bm_ 1 - - t
o= s fy e = ) P 2F, (48, —n5a; 1=5)f@®at; .12 Re(@)>0
= (-prE e, 0O<Re(a)+n<1 (n=1,2,3,..),

Let a,B,nandA be complex numbers. Then there hold the following formulae. . the
R.H.S. has a definite meaning

aBn A _ _1A+DIA+A-B+n) 41
IO' x b [(1+/’L—[>’)[(1+A+a+n)x .(1.3)

provided that Re(a)> max [0, Re(B-n)] — 1,and

afn a - _B=DIO-H  1-p
JO, X t [(—/'l)[(a+[7’+n—/‘l)x (14:)

Re (a)>0and Re(A) <min [Re (B) , Re (n)], Re(a)<0, 0<Re(a) +n <1, and
Re(N)< min [ Re(B)-n, Re(n)], Wherenis a positive integer.

The integral (1.2) is a special case of (1.1) where a® + 2 = 17! which was already
pointed out by Wille [40] moreover more general results than (1.2) can be found out in
the literature ([18], [19])

Meijer’s G-Function and its celebrated generalization the Fox’s H-Function [3] are
defined in terms of single Meillin Barnes type contour integrals involving quotients of
Gamma Function.it is evidenced in the literature.such single Meillin Barnes type
contour integrals are useful in finding the analytic solutions of various problems in
nuclear and neutrino astrophysics [12].where as the voigt function K(x,y) L(x, y) of
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astrophysical spectroscopy and of the theory of neutron reactions are expressible as
double mellian barnes contour integrals of this same class ([8], [16]).moreover ,the
multivariable H-Function contain much more general function as its special cases like
generalized Kampe-de-Feriet and generalized lauricella functions (Srivastava-Daust)
[15]

(i) The H-Function Defined by Saxena and kumbhat [21] is an extension of Fox’s H-
Function on specializing the parameters , H-Function can be reduced to almost
all the known special function as well as unknown

The Fox’s H-Function of one variable is defined and represented in this Paper as follows
[see Srivastava et al [22] ,pp 11-13 ]

M N (aj ’aj)l P
Hx]=Hgyg [X/(bi 'ﬂi)llj )

L aexide
270 3,y

n ) )
[1ro,—pe[[ri-a, —as

0(¢&)=— 5
[]1T1-b,+5,]] a, —«;&

j=N+1

For condition of the H-Function of one variable (1.5) and on the contour L we refer to
srivastava et al [22]

The multivariable H-Function, introduced by Srivastava and Panda (see, [2] and [3]), is
an extension of the multivariable G-function. This multivariable H-Function includes
Fox’s H-function, Meijer’s G-function, the generalized Lauricella function of Srivastava
and Daoust (see [23]), Apell function, the Whittaker function and so on. The
multivariable H-function is defined and represented in the following manner

Fractional calculus which are derivatives and integrals of arbitrary (real and
complex) orders have found many applications in a variety of fields ranging from
natural science to social science. In recent years, it has turned out that many phenomena
in engineering, physics, chemistry and other sciences can be described very successfully
by means of models using mathematical tools deduced from fractional calculus. For
example, the nonlinear oscillation of earthquakes can be modeled with fractional
derivatives and the fluid-dynamic traffic model with fractional derivatives can
eliminate the deficiency arising from the assumption of continuum traffic flow.
Fractional derivatives are also used in modeling many chemical processes,
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mathematical biology and many other problems in physics and engineering (see, e.g.,
[31]-[29], [33], [34]).

Under various fractional calculus operators, the computations of image formulas for
special functions of one or more variables are important from the point of view of the
usefulness of these results in the evaluation of generalized integrals and the solution of
differential and integral equations (see, e.g.,[12] , [13], [17], [27], [28],[32] and [35] (and
so on). Motivated essentially by diverse applications of fractional calculus we establish
two image formulas for the product of multivariable H-function and general class of
polynomials involving left and right sided fractional integral operators of Saigo-Meada
[11]. By virtue of the unified nature of our results, a large number of new and known
results involving Saigo, Riemann-Liouville and Erd elyi-Kober fractional integral
operators and several special functions are shown to follow as special cases of our main

results.

2.Main Results

Apply I- Function on The General Eulerian Integral of Multivariable H-
Function. In this section, we establish three Result involving the products of
one/two/ r-variable of H-function.

RESULT -1
[ | (ap AP)] ]
Igff’" {t* [FeP (e =0 Hp |zt¥(n— )Y : dt

wo. Byl |

1-(CD+1-B-1-n)
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(6Q,BQ) 1 —p —a,u+p) (-1 + B,0)(=A — a — ,0)
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Provided ( in addition to the appropriate convergence and existence conditions )that
u 1m,06,0,a,b,c A,0>0 Re(a)>0 Re(B)>0

RESULT -2
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Provided ( in addition to the appropriate convergence and existence conditions )that
u,1n,6,0,a,b,c A,c>0 Re(a)>0 Re(p)>0

RESULT -3
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Provided ( in addition to the appropriate convergence and existence conditions )that
u,1n,6,0,a,b,c A,0>0 Re(a)>0 Re(p)>0
Proof :- Result -1

{ To Changing order of integration then using Euler’s first integral (Beta
function) formula . and apply the formula (1.3). We interpret the resulting Mellin-
Barnes contour integrals as a multivariable H- function, we get the desired result.

Proof :- Result -2

Put t—a=0b—-a)y=>t=a+(b—a)y

then at=(b—a)dy b—t=(Mb—-a)(1—-y)

then using Euler’s first integral (Beta function) formula.and apply the formula (1.4) .
Now interpret the resulting Mellin-Barnes Contour Integral as a H-function of two-

variables we get required result.

Proof :- Result -3

Now using the binomial expansions and apply the formula (1.4). using the
mellian Barnes Contour Integral as a H-function of r-variables we get the desired
result.

3.Conclusion

Here we presented two very generalized and unified theorems associated with the
generalized fractional integral operators given by Saigo-Maeda. The main
fractional integrals whose integrands being the products of multivariable H-
functions The main results may find potentially useful applications in a variety of
areas.In this paper we have evaluated a general Eulerian integral involving the
multivariable I-function defined by Nambisan et al [1], a class of polynomials of
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several variables and the generalized incomplete hypergeometric function. The
integral established in this paper is of very general nature as it contains
multivariable I-function, which is a general function of several variables studied so
far. Thus, the integral established in this research work would serve as a key
formula from which, upon specializing the parameters, as many as desired results
involving the special functions of one and several variables can be obtained

4.Acknowledgement

The author is highly grateful to Dr Atul Garg , Head Department of Mathematics
Govt. Bangur College, Didwana for their valuable help and suggestions to improve
this paper

5.References

[1] Nambisan V. Prathima J.and Kurumujji S.K., A Study of I-function of Several
Complex Variables, International Journal of Engineering Mathematics Vol(2014), 2014
page 1-12.

[2] H.M. Srivastava And R.Panda, Some expansion theorems and generating relations
for the H-function of several complex variables, Comment. Math. Univ. St. Paul.
24(1975), p. 119-137

[3] Shrivastava. H. M. and Panda. R. : Some expansion theorems and
generating relations for the H-function of several complex variables
Il.Comment.Math. Univ. st. Paul. 25 ( fasc.2) (1976). 167-197.

[4].Srivastava. H.M. and Panda R. - Some bilateral generating functions for a class
of generalized hypergeometric polynomials. ] Roine Angew. Math. 283/284 (1976).
265-274.

[5].Srivastava. H.M. and Panda. R. - Expansion theorems for the H-
function of several complex] Riene Angew Math.288 (1976). 129-145.

[6] Saigo.M. A remark of integral operators involving the Gauss hypergeometric
function. Math. Rep. College.General.Ed. Kyushu. Univ. voll1 (1978) p 135-143.
[7]. Srivastava. H. M. and Goval. S. P. - Frectional derivatives of the
H-tunction of several variables.] Math Anal Appl 112 (1985). 545-551.

[8]. Srwastava. H. M. and Buschman. R. G. - Theory and applications and

convolution integral equations. Kluwer Academic Publishers. Derdrecht(1972).

[9]. Saxena. R. K. and Nishimoto. K. : Fractional integral formula for the H-
function. J. Fractional Calculus,(1994).65-75.

Volume 25, Issue 10, October - 2023 30



Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

[10]. Srivastava .H.S.P.- Certatain class of eulerian integrals of multivariable
generalized hypergeometric function” ] Indian Acad Math 21.2 (1999). 255-
270.

[11]. R. K. Saxena, M. Saigo, Generalized fractional calculus of the H-function associated with
the Appell function F3, ]. Fract. Calc., 19 (2001), 89-104.

[12]. H. M. Srivastava, M. C. Daoust, A note on the convergence of Kamp ‘e de F ‘eriet double
hypergeometric series, Math. Nachr., 53 (1972), 151-159.

[13]. J. Zhao, Positive solutions for a class of g-fractional boundary valu
problems with p-Laplacian, ]. Nonlinear Sci. Appl., 8 (2015),442-450

[14]. Wille. L.: T. and J.Math. Phys 29. (1988). 399-403.

[15]. Srivastava H. M. and Daoust. M. C. : Certain generalized Neumann
expansions associated with Kampé-dé-Férietfunctions.Nederl. Akad Wetenach.Indag.
Math. 31 (1969). 449-457

[16]. Srivastava. H. M. and Miller. Astrophysics Space Sci. 135(1987). 111-118.

[17]. M. Saigo, N. Maeda, More Generalization of Fractional calculus, Transform Methods and
Special Functions, Varna, Bulgaria, (1996), 386-400.
[18]. Goyal. G. K. : Proc. Nat. Acad. Sci. India Sect. A39 (1969) 201-203.

[19].Srivastava. HM. and Singh. NP. Rend Circ. Mat. Palermo Ser 2.32. (1983). 157-
187.

[20].Glasser. M.L.:]J. Math. Phys. 25 (1984) 2933-4 erratum. 26 (1985) 2082.
[21]. Saxena R.K. , and Kumbhat R.K. , Integral operators H- Function, Indian J . Pure
Appl. Maths 5(1974). 1-6

[22]. Srivasatava H.M. , Gupta K.C. , and Goyal S.P. The H- Function of one and two
variables with applications south Asian Publishers. New Dehli and Madras (1992)

[23] Srivastava H. M., Daoust M. C., A note on the convergence of Kamp e de F ‘eriet double
hypergeometric series, Math. Nachr., 53 (1972), 151-159.

[24].Srivastava. H.M.and Saigo. M - Multiplication of fractional
calculus operators and boundary value problems involving Euler-
Darboux equation. J. Math. Anal Appl. 121 (1987). 325-369.

[25]. Srivastava. H. M. and Raina R. K. : Evaluation of a certain class of
Eulerian integrals. J. Phys. A : Math Gen 26 (1993). 691-696.

Volume 25, Issue 10, October - 2023 31



Journal of University of Shanghai for Science and Technology ISSN: 1007-6735

[26].Rainvilla. E. D. :Special functions. the MacMillon Co. Lid. NY (1969).

[27]. P. Agarwal, J. Choi, R. B. Paris, Extended Riemann-Liouville fractional derivative
operator and its applications, ]. Nonlinear Sci. Appl., 8 (2015), 451-466.

[28] J. Choi, D. Kumar, Certain unified fractional integrals and derivatives for a product of
Aleph function and a general class of multivariable polynomials, J. Inequal. Appl., 2014 (2014),
15 pages.

[29]. K. C. Gupta, K. Gupta, A. Gupta, Generalized fractional integration of the product of
two H-functions, ]. Rajasthan Acad. Phys. Sci., 9 (2010), 203-212.

[30] A. A. Kilbas, Fractional calculus of the generalized Wright function, Fract. Calc. Appl.
Anal., 8 (2005), 113-126.

[31]. A. A. Kilbas, M. Saigo, H-Transforms, theory and applications, Chapman & Hall/CRC
Press, Boca Raton,(2004).

[32]. S. D. Purohit, S. L. Kalla, D. L. Suthar, Fractional integral operators and the multiindex
Mittag-Leffler functions, Sci. Ser. A Math. Sci., 21 (2011), 87-96.

[33]. J. Ram, D. Kumar, Generalized fractional integration involving Appell hypergeometric of
the product of two Hfunctions, Vijnana Parishad Anusandhan Patrika, 54 (2011), 33-43.

[34 ]. Ram, D. Kumar, Generalized fractional integration of the N-function, J. Rajasthan Acad.
Phys. Sci., 10 (2011), 373-382.

[35]. M. Saigo, A remark on integral operators involving the Gauss hypergeometric functions,
Math. Rep. Kyushu Univ., 11 (1978), 135-143.

Volume 25, Issue 10, October - 2023 32



	Generalized Fractional integrals involving Eulerian Integral of H-Function
	Also using I-Function on ‘Certatain class of eulerian integrals of multivariable generalized hypergeometric function’ (for details of H-function ,see [2-6] [7], [8],Saxena and Nishimoto [9],H.S.P. Srivastava [10]
	Keywords and Phrases:, Generalized fractional integrals operators, multivariable  H-function, Eulerian Integral, I-function ,Orthogonal Polynomials
	2.Main Results
	Apply I-  Function on  The General Eulerian Integral of Multivariable  H-Function. In this section, we establish three Result involving the products of one/two/ r-variable of H-function.
	Here we presented two very generalized and unified theorems associated with the generalized fractional integral operators given by Saigo-Maeda. The main fractional integrals whose integrands being the products of multivariable H-functions The main res...



